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Abstract 

We consider integrable Hamiltonian systems in a general setting of in- 
variant submanifolds which need not be compact. For instance, this is 
the case a global Kepler system, non-autonomous integrable Hamiltonian 
systems and integrable systems with time-dependent parameters. 
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Introduction 

The Liouville - Arnold theorem for completely integrable systems [3J [M] , the 
Poincare - Lyapounov - Nekhoroshev theorem for partially integrable systems 
[21)1 |6"5] and the Mishchenko - Fomenko theorem for the superintegrable ones 
[HI HH1 GO] state the existence of action-angle coordinates around a compact 
invariant submanifold of a Hamiltonian integrable system which is a torus T m . 
However, it is well known that global extension of these action-angle coordinates 
meets a certain topological obstruction (4j [13l [15] . 

Note that superintegrable systems sometimes are called non-commutative 
(or non-Abelian) completely integrable systems. 

In these Lectures, we consider integrable Hamiltonian systems in a general 
setting of invariant submanifolds which need not be compact [501 1221 1231 1231 
[35l [4X1 [74l [86] . These invariant submanifolds are proved to be diffeomorphic to 
toroidal cylinders ]R m ~ r x T r (Theorem ll.lO[) . A key point is that, in accordance 
with Theorem 1 7. 2 [ a fibred manifold whose fibres are diffeomorphic either to a 
compact manifold or R r is a fibre bundle, but this is not the case of toroidal 
cylinders. 

In particular, this is the case of non-autonomous integrable Hamiltonian sys- 
tems (Section 4.3) and Hamiltonian mechanics with time-dependent parameters 
(Section 6). 

It may happen that a Hamiltonian system on a phase space Z falls into 
different integrable Hamiltonian systems on different open subsets of Z. For 
instance, this the case of the Kepler system (Section 3). It contains two different 
globally superintegrable systems on different open subsets of a phase space Z — 
R 4 . Their integrals of motion form the Lie algebras so(3) and so(2, 1) with 
compact and non-compact invariant submanifolds, respectively |41[ 174]. 

Geometric quantization of completely integrable and superintegrable Hamil- 
tonian systems with respect to action-angle variables is considered (Section 5.3). 
The reason is that, since a Hamiltonian of an integrable system depends only 
on action variables, it seems natural to provide the Schrodinger representation 
of action variables by first order differential operators on functions of angle 
coordinates. 
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Throughout the Lectures, all functions and maps are smooth, and manifolds 
are real smooth and paracompact. We are not concerned with the real-analytic 
case because a paracompact real-analytic manifold admits the partition of unity 
by smooth functions. As a consequence, sheaves of modules over real-analytic 
functions need not be acyclic that is essential for our consideration. 

1 Partially integrable systems 

This Section addresses partially integrable systems on Poisson and symplectic 
manifolds. Completely integrable systems can be regarded as the particular 
partially integrable ones fRemark ll.6[) . A key point is that a partially integrable 
system admits different compatible Poisson structures (Theorem II. lip . 

Our goal are Theorem II. 151 on partial integrable systems on a Poisson mani- 
fold, Theorem 1 1 . 1 71 on partial integrable system on a symplectic manifold, and 
Theorem 11.181 as the global generalization of Theorem 11.171 

1.1 Geometry of symplectic and Poisson manifolds 

This Section summarize some relevant material on symplectic manifolds, Poisson 
manifolds and symplectic foliations [TJ |37j |4TJ [55j [84] . 

Let Z be a smooth manifold. Any exterior two-form 17 on Z yields a linear 
bundle morphism 

n b :TZ^T*Z, 17 b : v -> -v}Q(z), v£T z Z, z e Z. (1.1) 

One says that a two-form 17 is of rank r if the morphism ()l.lj) has a rank r. A 
kernel Kerl7 of 17 is defined as the kernel of the morphism (|1.1|) . In particular, 
Kerl7 contains the canonical zero section of TZ — > Z. If Kcrl7 = 0, a two- 
form 17 is said to be non-degenerate. A closed non-degenerate two-form 17 is 
called symplectic. Accordingly, a manifold equipped with a symplectic form is a 
symplectic manifold. A symplectic manifold (Z, 17) always is even dimensional 
and orientable. 

A manifold morphism £ of a symplectic manifold {Z, 17) to a symplectic 
manifold (Z' , 17') is called symplectic if 17 = £*17'. Any symplectic morphism is 
an immersion. A symplectic isomorphism is called the symplectomorphism. 

A vector field u on a symplectic manifold (Z, 17) is an infinitesimal generator 
of a local one-parameter group of local symplectomorphism iff the Lie derivative 
L u 17 vanishes. It is called the canonical vector field. A canonical vector field 
u on a symplectic manifold (Z, 17) is said to be Hamiltonian if a closed one- 
form uJ17 is exact. Any smooth function / £ C°°(Z) on Z defines a unique 
Hamiltonian vector field $ / such that 

d f \n = -df, «? / = n«(4f), (i.2) 
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where f2" is the inverse isomorphism to Q b p. II) . 

Example 1.1: Given an m-dimensional manifold M coordinated by (q z ), let 

7t»m : T*M -> M 

be its cotangent bundle equipped with the holonomic coordinates {q l ,pt = qi). 
It is endowed with the canonical Liouville form 

E = pidq 1 

and the canonical symplectic form 

Q T = dZ = d Pi A dq l . (1.3) 

Their coordinate expressions are maintained under holonomic coordinate trans- 
formations. The Hamiltonian vector field z?/ (|1.2p with respect to the canonical 
symplectic form (ll.3[) reads 

$ f = d i fdi-d i fd i . 

□ 

The canonical symplectic form (|1.3[) plays a prominent role in symplectic 
geometry in view of the classical Darboux theorem. 

Theorem 1.1: Each point of a symplectic manifold (Z, fl) has an open neigh- 
borhood equipped with coordinates (q l ,Pi), called canonical or Darboux coor- 
dinates, such that fl takes the coordinate form (|1.3|) . □ 

Let in '■ N — > Z be a submanifold of a 2m-dimensional symplectic manifold 
(Z,Cl). A subset 

OrtholW = |J {v e T Z Z : v\u\Q = 0, u G T Z N} 

zeN 

of TZ\n is called orthogonal to TN relative to a symplectic form f2. One 
considers the following special types of submanifolds of a symplectic manifold 
such that the pull-back Qjy = i* N il of a symplectic form £1 onto a submanifold 
N is of constant rank. A submanifold N of Z is said to be: 

• coisotropic if Orth n 7W C TN, dim N > m; 

• symplectic if fijv is a symplectic form on N; 

• isotropic if TN C Orth n 7W, dim N < m. 

A Poisson bracket on a ring C°°(Z) of smooth real functions on a manifold 
^ (or a Poisson structure on is defined as an M-bilinear map 

C°°(Z) x C°°(Z) 3 (f,g) G 

which satisfies the following conditions: 

• {gJ} = -{f, g}; 
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• {/, {<?, h}} + {g, {h, /}} + {h, {/, <?}} = 0; 
•{h,fg} = {hj}g + f{h,g}. 

A Poisson bracket makes C°°(Z) into a real Lie algebra, called the Poisson 
algebra. A Poisson structure is characterized by a particular bivector held as 
follows. 

Theorem 1.2: Every Poisson bracket on a manifold Z is uniquely dehned as 

{/, /'} = w(df, df) = w^d^fdvf (1.4) 

by a bivector held w whose Schouten - Nijenhuis bracket [w, w]sn vanishes. It 
is called a Poisson bivector held. □ 

A manifold Z endowed with a Poisson structure is called a Poisson manifold. 

Example 1.2: Any manifold admits a zero Poisson structure characterized by 
a zero Poisson bivector held w = 0. □ 

A function / e C co (Z) is called the Casimir function of a Poisson structure 
on Z if its Poisson bracket with any function on Z vanishes. Casimir functions 
form a real ring C(Z). 

Any bivector held woia manifold Z yields a linear bundle morphism 

w^-.rZ^TZ, : a -> -w(z)[a, aeT^Z. (1.5) 

One says that w is of rank r if the morphism (11.5[) is of this rank. If a Pois- 
son bivector held is of constant rank, the Poisson structure is called regular. 
Throughout the Lectures, only regular Poisson structures are considered. A 
Poisson structure determined by a Poisson bivector held w is said to be non- 
degenerate if w is of maximal rank. 

There is one-to-one correspondence Q w i/jq between the symplectic forms 
and the non-degenerate Poisson bivector helds which is given by the equalities 

where the morphisms Wq (|1.5p and £l b w (11.11) are mutually inverse, i.e., 
wl = Qi, w^n wafj = 5%. 

However, this correspondence is not preserved under manifold morphisms in 
general. Namely, let (Zi,wi) and (^2,1^2) be Poisson manifolds. A manifold 
morphism g : Z\ — > Z2 is said to be a Poisson morphism if 

{/ o ft/' o g}, = {/, f'} 2 o g, f, f G C°°(Z 2 ), 

or, equivalently, if u>2 = Tgowi, where Tg is the tangent map to g. Herewith, the 
rank of w% is superior or equal to that of W2 ■ Therefore, there are no pull-back 
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and push-forward operations of Poisson structures in general. Nevertheless, let 
us mention the following construction. 

Theorem 1.3: Let (Z,w) be a Poisson manifold and tt : Z — > Y a hbration 
such that, for every pair of functions (/, g) on Y and for each point y EY, the 
restriction of a function {tt* f, tt* g} to a fibre ir~ l {y) is constant, i.e., {tt* f, TT*g} 
is the pull-back onto Z of some function on Y. Then there exists a coinduced 
Poisson structure w' on Y for which tt is a Poisson morphism. □ 

Example 1.3: The direct product Z x Z' of Poisson manifolds (Z,w) and 
(Z',w') can be endowed with the product of Poisson structures, given by a 
bivector field w+w' such that the surjections pr x and pr 2 are Poisson morphisms. 

□ 

A vector field u on a Poisson manifold (Z, w) is an infinitesimal generator of 
a local one-parameter group of Poisson automorphisms iff the Lie derivative 

L u w = [u,w]sn (1-6) 

vanishes. It is called the canonical vector field for a Poisson structure w. In 
particular, for any real smooth function / on a Poisson manifold (Z, w), let us 
put 

0f = vt{4f) = -wl<tf = wVd M fd v . (1.7) 

It is a canonical vector field, called the Hamiltonian vector field of a function 
/ with respect to a Poisson structure w. Hamiltonian vector fields fulfil the 
relations 

{f,g} = # f \dg, (1.8) 
f,geC°°(Z). (1.9) 

For instance, the Hamiltonian vector field df (|1.2[) of a function / on a 
symplectic manifold (Z, f2) coincides with that (|1.7[> with respect to the corre- 
sponding Poisson structure wq. The Poisson bracket defined by a symplectic 
form reads 

{f,g} = g \0f\n. 

Since a Poisson manifold (Z, w) is assumed to be regular, the range T = 
w'(T*Z) of the morphism (| 1 . 5|) is a subbundle of TZ called the characteristic 
distribution on (Z,w). It is spanned by Hamiltonian vector fields, and it is 
involutive by virtue of the relation (|1.9|) . It follows that a Poisson manifold 
Z admits local adapted coordinates in Theorem 17.61 Moreover, one can choose 
particular adapted coordinates which bring a Poisson structure into the following 
canonical form. 

Theorem 1.4: For any point z of a fc-dimensional Poisson manifold (Z,w), 
there exist coordinates 

( Z \...,z k ~ 2m , q\...,q m , Pl ,...,p m ) (1.10) 
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on a neighborhood of z such that 

w = — A— {f 1 = d f 99 °f 99 
dpi dq 1 ' ' dpi dq 1 dq 1 dpi ' 

□ 

The coordinates (|1.10|) are called the canonical or Darboux coordinates for 
the Poisson structure w. The Hamiltonian vector field of a function / written 
in this coordinates is 

d f =d i fd i -d i fd i . 

Of course, the canonical coordinates for a symplectic form f2 in Theorcm ll.il also 
are canonical coordinates in Theorem II. 41 for the corresponding non-degenerate 
Poisson bivector field w, i.e., 

O = dpi A dq 1 , w — d l A Qj. 

With respect to these coordinates, the mutually inverse bundle isomorphisms 
n b CU} and ti>8 dH5j» read 

f2 b : t?*^£ + v i d i -> -Uidg* + 

Integral manifolds of the characteristic distribution T of a fc-dimensional 
Poisson manifold (Z, w) constitute a (regular) foliation T of Z whose tangent 
bundle TF is T. It is called the characteristic foliation of a Poisson manifold. 
By the very definition of the characteristic distribution T = TF, a Poisson 

2 

bivector field w is subordinate to ATJ-. Therefore, its restriction w\p to any 
leaf F of T is a non-degenerate Poisson bivector field on F. It provides F 
with a non-degenerate Poisson structure {,}f and, consequently, a symplectic 
structure. Clearly, the local Darboux coordinates for the Poisson structure w 
in Theorem 11.41 also are the local adapted coordinates 

/ 1 k — 2m i i m+i \ ■ i 

[z ,...,z ,z =q,z =Pi), i = l,...,m, 

(|7.38p for the characteristic foliation F, and the symplectic structures along its 
leaves read 

Hp = dpi A dq 1 . 

Since any foliation is locally simple, a local structure of an arbitrary Poisson 
manifold reduces to the following [84l [88] . 

Theorem 1.5: Each point of a Poisson manifold has an open neighborhood 
which is Poisson equivalent to the product of a manifold with the zero Poisson 
structure and a symplectic manifold. □ 
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Provided with this symplectic structure, the leaves of the characteristic foli- 
ation of a Poisson manifold Z are assembled into a symplectic foliation of Z as 
follows (see Section 7.4). 

Let T be an even dimensional foliation of a manifold Z. A d-closed non- 
degenerate leafwise two-form iljr on a foliated manifold (Z, J-) is called sym- 
plectic. Its pull-back iptljr onto each leaf F of T is a symplectic form on F. A 
foliation T provided with a symplectic leafwise form Qjr is called the symplectic 
foliation. 

If a symplectic leafwise form S1_f exists, it yields a bundle isomorphism 

The inverse isomorphism fly? determines a bivector field 

«;n(a 1 ^) = n J r(n« r (i>a),n»,(i> ) 8)), a.^a z e Z, (1.11) 

2 

on Z subordinate to A TT . It is a Poisson bivector field. The corresponding 
Poisson bracket reads 

{f,f'}r = #f]df, ti f ]nr = -df, d f = U%{df). (1.12) 

Its kernel is Sjr(Z). 

Conversely, let (Z, w) be a Poisson manifold and T its characteristic foliation. 
Since AnnTJ 7 c T* Z is precisely the kernel of a Poisson bivector field w, a 
bundle homomorphism 

z 

factorizes in a unique fashion 

■* b 

w i . T * z lz^ T j:* ^TZ (1.13) 

z z z 

through a bundle isomorphism 

Wjr : TF* TJ 7 , : a ^ -w(z)[a, a G T Z F* . (1.14) 

The inverse isomorphism w-p yields a symplectic leafwise form 

Qf(v,v') =w(wp(v),w^(v')), v,v'€T z F, z e Z. (1.15) 

The formulas (|1.11[) and (| 1 . 1 5[) establish the equivalence between the Poisson 
structures on a manifold Z and its symplectic foliations. 

Turn now to a group action on Poisson manifolds. By G throughout is meant 
a real connected Lie group, g is its right Lie algebra, and g* is the Lie coalgebra 
(see Section 7.5). 

We start with the symplectic case. Let a Lie group G act on a symplectic 
manifold (Z, SI) on the left by symplectomorphisms. Such an action of G is called 
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symplectic. Since G is connected, its action on a manifold Z is symplectic iff the 
homomorphism e — > £ e , e 6 g, f|7.45[) of a Lie algebra g to a Lie algebra T\{Z) 
of vector fields on Z is carried out by canonical vector fields for a symplectic 
form fi on Z . If all these vector fields are Hamiltonian, an action of G on Z 
is called a Hamiltonian action. One can show that, in this case, f e , e g g, are 
Hamiltonian vector fields of functions on Z of the following particular type. 

Proposition 1.6: An action of a Lie group G on a symplectic manifold Z is 
Hamiltonian iff there exists a mapping 

J:Z^g*, (1.16) 

called the momentum mapping, such that 

£ e \n = -dJ e , J e (z) = (J(z),e), eeg. (1.17) 

□ 

The momentum mapping (jl.161) is defined up to a constant map. Indeed, if 
J and J' are different momentum mappings for the same symplectic action of 
G on Z, then 

d((J(z)-J'(z),e))=0, eeg. 

Given g E G, let us us consider the difference 

a(g) = J(gz) - Ad*g(J(z)), (1.18) 

where Ad*<7 is the coadjoint representation (|7.47l) on g*. One can show that 
the difference (|1.18[) is constant on a symplectic manifold Z pQ. A momentum 
mapping J is called equivariant if <j(g) — 0, g G G. 

Example 1.4: Let a symplectic form on Z be exact, i.e., SI = d8, and let be 
G-invariant, i.e., 

L € .0 = d(6,J0)+6 I jn = O, eeg. 
Then the momentum mapping J (| 1 . can be given by the relation 

(J(z),e) = (Z e ]0)(z). 
It is equivariant. In accordance with the relation (17.471) . it suffices to show that 

Je{gz) = J A dg-i(e){z), i^e\0)(gz) = (^Ad g-l (s) J 0) (z) . 

This holds by virtue of the relation (|7.46p . For instance, let T*Q be a symplectic 
manifold equipped with the canonical symplectic form fix (| 1 .31) . Let a left action 
of a Lie group G on Q have the infinitesimal generators r m = e\ n {q)di. The 
canonical lift of this action onto T*Q has the infinitesimal generators (|7.19[) : 

£m = r m = ve l m di - pjd t e° m d\ (1.19) 
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and preserves the canonical Liouville form s on T*Q. The £ m (|1.19p are Hamil- 
tonian vector fields of the functions J m — s l m (q)pi, determined by the equivari- 
ant momentum mapping J — e\ n {q)piS m . □ 

Theorem 1.7: A momentum mapping J associated to a symplectic action of a 
Lie group G on a symplectic manifold Z obeys the relation 

{J e ,J e ,} = J [B , e , ] -(T e a(e'),e). (1.20) 

□ 

In the case of an cquivariant momentum mapping, the relation (jl.20[) leads 
to a homomorphism 

{J e ,Js} = J M (1-21) 

of a Lie algebra g to a Poisson algebra of smooth functions on a symplectic 
manifold Z (cf. Proposition II .81 below) . 

Now let a Lie group G act on a Poisson manifold (Z, w) on the left by Poisson 
automorphism. This is a Poisson action. Since G is connected, its action on 
a manifold Z is a Poisson action iff the homomorphism e — > £ £ , e £ g, (|7.45|) 
of a Lie algebra g to a Lie algebra 7i{Z) of vector fields on Z is carried out 
by canonical vector fields for a Poisson bivector field w, i.e., the condition (|1.6p 
holds. The equivalent conditions are 

&({/,<?}) = {Uf),g} + U,tMh f,ge c°°(z), 
&({/,0}) = [&,ty](s)-[&,W), 
= %(/)- 

where is the Hamiltonian vector field (|1.7[) of a function /. 

A Hamiltonian action of G on a Poisson manifold Z is defined similarly 
to that on a symplectic manifold. Its infinitesimal generators are tangent to 
leaves of the symplectic foliation of Z, and there is a Hamiltonian action of 
G on every symplectic leaf. Proposition 11.61 together with the notions of a 
momentum mapping and an equivariant momentum mapping also are extended 
to a Poisson action. However, the difference a (|1.18|) is constant only on leaves 
of the symplectic foliation of Z in general. At the same time, one can say 
something more on an equivariant momentum mapping (that also is valid for a 
symplectic action). 

Proposition 1.8: An equivariant momentum mapping J (|1.16[) is a Poisson 
morphism to the Lie coalgebra g*, provided with the Lie - Poisson structure 

G39- D 

1.2 Poisson and symplectic Hamiltonian systems 

Given a Poisson manifold (Z,w), a Poisson Hamiltonian system (w,H) on Z for 
a Hamiltonian H £ C°°(Z) with respect to a Poisson structure w is defined as 
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a set 

Su = \J{v E T Z Z : v - = 0}. (1.22) 

zez 

By a solution of this Hamiltonian system is meant a vector field t?on2 which 
takes its values into TN n Su ■ Clearly, the Poisson Hamiltonian system (|1.22[) 
has a unique solution which is the Hamiltonian vector field 

tf n =w i (dH) (1.23) 

of %. Hence, Su (|l-22p is an autonomous first order dynamic equation (see 
forthcoming Remark 11 . 5|) , called the Hamilton equation for a Hamiltonian H 
with respect to a Poisson structure w. 

Remark 1.5: Let u be a vector field u on Z. A closed subbundle u(Z) of the 
tangent bundle TZ given by the coordinate relations 

z x =u x {z) (1.24) 

is said to be a first order autonomous dynamic equation on a manifold Z [56i 158] . 
By a solution of the autonomous first order dynamic equation (ll.24[) is meant 
an integral curve of a vector field u. □ 

Relative to local canonical coordinates (z x , q l ,Pi) p,10[) for a Poisson struc- 
ture w on Z and corresponding holonomic coordinates (z x , q l ,Pi, z x , q l ,Pi) on 
TZ, the Hamilton equation (|1.22[) and the Hamiltonian vector field (| 1 . 23[) take 
a form 

g* = d l H, Pt = -diH, z x = 0, (1.25) 
t?w = - diRd 1 . (1.26) 

Solutions of the Hamilton equation (11.25)) are integral curves of the Hamiltonian 
vector field (jL2"rJj) . 

Let (Z,w,'H) be a Poisson Hamiltonian system. Its integral of motion is a 
smooth function F on Z whose Lie derivative 

U n F = {H,F} (1.27) 

along the Hamiltonian vector field d-u (|1.26[) vanishes in accordance with the 
equality (|4.58|) . The equality (|1.27l) is called the evolution equation. 

It is readily observed that the Poisson bracket {F, F'} of any two integrals 
of motion F and F' also is an integral of motion. Consequently, the integrals of 
motion of a Poisson Hamiltonian system constitute a real Lie algebra. 

Since 

${H,F} = P«,M {% F} = -Lo F H, 

the Hamiltonian vector field ■dp of any integral of motion F of a Poisson Hamil- 
tonian system is a symmetry both of the Hamilton equation (jl.25l) (Proposition 
I4.8[) and a Hamiltonian H (Definition I4.9j) . 
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Let (Z, f2) be a symplectic manifold. The notion of a symplectic Hamiltonian 
system is a repetition of the Poisson one, but all expressions are rewritten in 
terms of a symplectic form ft as follows. 

A symplectic Hamiltonian system (fi, %) on a manifold Z for a Hamiltonian 
H with respect to a symplectic structure f2 is a set 

S« = \J{ V e T 2 Z : t;Jtt + cW(z) = 0}. (1.28) 

zez 

As in the general case of Poisson Hamiltonian systems, the symplectic one (0, H) 
has a unique solution which is the Hamiltonian vector field 

<& n \Q = -dM (1.29) 

of %. Hence, S-n (|1.28p is an autonomous first order dynamic equation, called 
the Hamilton equation for a Hamiltonian % with respect to a symplectic struc- 
ture fi. Relative to the local canonical coordinates (q l ,Pi) for a symplectic 
structure Q, the Hamilton equation (|1.28[) and the Hamiltonian vector field 
(fL29l) read 

q* = d l H, pi = -diU, (1.30) 
■&n = d i Hd i -d i Hd i . (1.31) 

Integrals of motion of a symplectic Hamiltonian system are defined just as 
those of a Poisson Hamiltonian system. 

1.3 Partially integrable systems on a Poisson manifold 

Completely integrable and superintegrable systems are considered with respect 
to a symplectic structure on a manifold which holds fixed from the beginning. 
As was mentioned above, partially integrable system admits different compati- 
ble Poisson structures (see Theorem 11.111 below) . Treating partially integrable 
systems, we therefore are based on a wider notion of the dynamical algebra 

[Haii]. 

Let we have m mutually commutative vector fields {$\} on a connected 
smooth real manifold Z which are independent almost everywhere on Z, i.e., 

the set of points, where the multivector field A $a vanishes, is nowhere dense. 
We denote by S C C°°(Z) the R-subring of smooth real functions / on Z whose 
derivations $\\df vanish for all i?a- Let A be an m-dimensional Lie 5-algebra 
generated by the vector fields {^a}- One can think of one of its elements as 
being an autonomous first order dynamic equation on Z and of the other as 
being its integrals of motion in accordance with Definition 14. 41 By virtue of this 
definition, elements of S also are regarded as integrals of motion. Therefore, we 
agree to call A a dynamical algebra. 

Given a commutative dynamical algebra A on a manifold Z, let G be the 
group of local diffcomorphisms of Z generated by the flows of these vector 
fields. The orbits of G are maximal invariant submanifolds of A (we follow the 
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terminology of [ST]). Tangent spaces to these submanifolds form a (non-regular) 
distribution V C TZ whose maximal integral manifolds coincide with orbits of 

m 

G. Let z G Z be a regular point of the distribution V, i.e., A$\(z) ^ 0. Since 

m 

the group G preserves A$a, a maximal integral manifold M of V through 2 
also is regular (i.e., its points are regular). Furthermore, there exists an open 
neighborhood U of M such that, restricted to U, the distribution V is an Tri- 
dimensional regular distribution on U. Being involutive, it yields a foliation ^ 
of U. A regular open neighborhood U of an invariant submanifold of M is called 
saturated if any invariant submanifold through a point of U belongs to U. For 
instance, any compact invariant submanifold has such an open neighborhood. 

Definition 1.9: Let A be an m-dimensional dynamical algebra on a regular 
Poisson manifold (Z, w). It is said to be a partially integrable system if: 

(a) its generators $\ are Hamiltonian vector fields of some functions S\ E S 
which are independent almost everywhere on Z, i.e., the set of points where the 

m 

m-form A dS\ vanishes is nowhere dense; 

(b) all elements of S C C°°(Z) are mutually in involution, i.e., their Poisson 
brackets equal zero. □ 

It follows at once from this definition that the Poisson structure w is at least 
of rank 2m, and that S is a commutative Poisson algebra. We call the functions 
S\ in item (a) of Definition II .91 the generating functions of a partially integrable 
system, which is uniquely defined by a family (Si, . . . , S m ) of these functions. 

Remark 1.6: If 2m = dim Z in Definition [131 we have a completely integrable 
system on a symplectic manifold Z (see Definition 12.21 below) . □ 

If 2m < dim Z, there exist different Poisson structures on Z which bring a 
dynamical algebra A into a partially integrable system. Forthcoming Theorems 
11.101 and 11.111 describe all these Poisson structures around a regular invariant 
submanifold M C Z of A [35]. 

Theorem 1.10: Let A be a dynamical algebra, M its regular invariant sub- 
manifold, and U a saturated regular open neighborhood of M. Let us suppose 
that: 

(i) the vector fields d\ on U are complete, 

(ii) the foliation J of U admits a transversal manifold E and its holonomy 
pseudogroup on E is trivial, 

(iii) the leaves of this foliation are mutually diffcomorphic. 
Then the following hold. 

(I) The leaves of T are diffeomorphic to a toroidal cylinder 

R m-r x yr^ < r < m. (1.32) 

(II) There exists an open saturated neighborhood of M, say U again, which 
is the trivial principal bundle 

U = N x (R m ~ r x T r ) N (1.33) 
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over a domain N C M dimZ -™ with the structure group (|1.32|) . 

(Ill) If 2m < dim Z, there exists a Poisson structure of rank 2m on U such 
that „4 is a partially integrable system in accordance with Definition 11.91 □ 

Proof: We follow the proof in 12, 54 generalized to the case of non-compact invariant 
submanifolds [351 EH HI] . 

(I) . Since m-dimensional leaves of the foliation T admit m complete independent 
vector fields, they are locally affine manifolds diffeomorphic to a toroidal cylinder 
p2) . 

(II) . By virtue of the condition (ii), the foliation 5 of U is a fibred manifold |62| . 
Then one can always choose an open fibred neighborhood of its fibre M, say U again, 
over a domain N such that this fibred manifold 

7T : U -> N (1.34) 

admits a section a. In accordance with the well-known theorem |67l I68| complete 
Hamiltonian vector fields $\ define an action of a simply connected Lie group G on 
Z. Because vector fields $\ are mutually commutative, it is the additive group R m 
whose group space is coordinated by parameters s x of the flows with respect to the 
basis {e\ = fix} for its Lie algebra. The orbits of the group R m in U C Z coincide 
with the fibres of the fibred manifold (|1.34[) . Since vector fields i?a are independent 
everywhere on U, the action of R m on U is locally free, i.e., isotropy groups of points 
of U are discrete subgroups of the group R m . Given a point x € N, the action of R m 
on the fibre M x = ■k~ 1 {x) factorizes as 

R m x M x -+G x x M x ->■ M x (1.35) 

through the free transitive action on M x of the factor group G x = R m /K x , where K x 
is the isotropy group of an arbitrary point of M x . It is the same group for all points 
of M x because R m is a commutative group. Clearly, M x is diffeomorphic to the group 
space of G x . Since the fibres M x are mutually diffeomorphic, all isotropy groups K x 
are isomorphic to the group Z r for some fixed < r < m. Accordingly, the groups G x 
are isomorphic to the additive group (|1.32|l . Let us bring the fibred manifold (|1.34l) 
into a principal bundle with the structure group Go, where we denote {0} = n(M). 
For this purpose, let us determine isomorphisms p x : Go — > G x of the group Go to the 
groups G x , x G N. Then a desired fibrewise action of Go on U is defined by the law 

G xM^^fGo) xM x ->M x . (1.36) 

Generators of each isotropy subgroup K x of R m are given by r linearly independent 
vectors of the group space R m . One can show that there exist ordered collections of 
generators (vi(x), . . . ,v r (x)) of the groups K x such that x — ¥ Vi(x) are smooth R m - 
valued fields on N. Indeed, given a vector Wj(0) and a section a of the fibred manifold 
(|1.34|l . each field Vi(x) = (sf(x)) is a unique smooth solution of the equation 

g(s?)a(x) = a(x), (*?(0)) = «i(0), 

on an open neighborhood of {0}. Let us consider the decomposition 

Wi(0) =B?(0)e a + Ci(0)e h a = 1, . . . , m - r, j = l,...,r, 
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where C\ (0) is a non-degenerate matrix. Since the fields Vi (x) are smooth, there 
exists an open neighborhood of {0}, say N again, where the matrices Cf(x) are non- 
degenerate. Then 

fid (B(x)-B(0))C' 1 (0) 
( ' ~ \ C(x)C-\0) 

is a unique linear endomorphism 

(e n , en) -¥ (e a , ej)A(x) 

of the vector space R m which transforms the frame {v\(0)} = {e a ,Vi(0)} into the 
frame {v\(x)} = {e a , $i(x)}, i.e., 

Vi(x) = B?(x)e a + C J i (x)e ] = B?(0)e a + C{ (Q)\A){x)e b + A k j {x)e k }. 

Since A(x) (|1.37|) also is an automorphism of the group R m sending Ko onto K x , we 
obtain a desired isomorphism p x of the group Go to the group G x . Let an element g 
of the group Go be the coset of an element g(s x ) of the group R m . Then it acts on 
M x by the rule (|1.36|) just as the element <?((A~ 1 )^s' 3 ) of the group R m does. Since 
entries of the matrix A (|1.37|) are smooth functions on N, this action of the group Go 
on U is smooth. It is free, and U /Go — N. Then the fibred manifold ()1.34|) is a trivial 
principal bundle with the structure group Go- Given a section a of this principal 
bundle, its trivialization U — N x Go is defined by assigning the points p~ 1 (g x ) of 
the group space Go to the points g x a(x), g x G G x , of a fibre M x . Let us endow Go 
with the standard coordinate atlas (r A ) = (t a , <p x ) of the group (| 1.321) . Then U admits 
the trivialization (| 1 . 33|) with respect to the bundle coordinates (x A , t a , tp l ) where x A , 
A = 1, . . . , dim Z — m, are coordinates on a base N. The vector fields $a on U relative 
to these coordinates read 

$a=d a , $i = -{BC- 1 )1(x)da + {C- 1 t(x)d k . (1.38) 

Accordingly, the subring S restricted to U is the pull-back n*C ca (N) onto U of the 
ring of smooth functions on N. 

(III). Let us split the coordinates (x A ) on N into some m coordinates {J\) and the 
rest AimZ — 2m coordinates (z A ). Then we can provide the toroidal domain U (| 1 . 33|) 
with the Poisson bivector field 

w = d x /\d x (1.39) 

of rank 2m. The independent complete vector fields d a and di are Hamiltonian vector 
fields of the functions S a ~ Ja and Si = Ji on U which are in involution with respect 
to the Poisson bracket 

{/. /'} = d x .fd x f - d x fd x f (i.40) 

defined by the bivector field w (|1.39[) . By virtue of the expression (|1.38|) . the Hamil- 
tonian vector fields {d\} generate the 5-algebra A. Therefore, (w,A) is a partially 
integrable system. □ 

Remark 1.7: Condition (ii) of Theorem 1 1 . 1 01 is equivalent to that U U/G 
is a fibred manifold [62 . It should be emphasized that a fibration in invariant 
submanifolds is a standard property of integrable systems O [6l [10l [26l |30l [65] ■ 
If fibres of such a fibred manifold are assumed to be compact then this fibred 



(1.37) 
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manifold is a fibre bundle (Theorem I7.2j) and vertical vector fields on it (e.g., in 
condition (i) of Theorem II .101) are complete (Theorem [73]). □ 

A Poisson structure in Theorem 11.101 is by no means unique. Given the 
toroidal domain U (ll.33|) provided with bundle coordinates (x A , r x ), it is readily 
observed that, if a Poisson bivector field on U satisfies Definition 11.91 it takes 
the form 

10 = 10! +W2 = w AX (x B )d A A d x + w^ix 8 ,r x )d^ A d„. (1.41) 
The converse also holds as follows. 

Theorem 1.11: For any Poisson bivector field w f|l .41[) of rank 2m on the 
toroidal domain U Q1.33p . there exists a toroidal domain U' C U such that a 
dynamical algebra A in Theorem II .101 is a partially integrable system on U'. □ 

Remark 1.8: It is readily observed that any Poisson bivector field w (|1.4ip 
fulfills condition (b) in Definition 11.91 but condition (a) imposes a restriction 
on the toroidal domain U. The key point is that the characteristic foliation T 
of U yielded by the Poisson bivector fields w (|1.4ip is the pull-back of an Tri- 
dimensional foliation of the base N, which is defined by the first summand 
wi (|1.41[) of w. With respect to the adapted coordinates ( J\, z A ), X — 1, . . . , m, 
on the foliated manifold (N,Tn), the Poisson bivector field w reads 

w = <(J A) z A )d v A 0„ + w^iJx, z A , r x )d^ A d v . (1.42) 

Then condition (a) in Definition 11.91 is satisfied if N' C N is a domain of a 
coordinate chart (J\, z A ) of the foliation Fn- In this case, the dynamical algebra 
A on the toroidal domain U' = 7r _1 (iV) is generated by the Hamiltonian vector 
fields 

A = -w\_dJ x = (1-43) 
of the m independent functions S\ = J\. □ 

Proof: The characteristic distribution of the Poisson bivector field w (|1.41[) is spanned 
by the Hamiltonian vector fields 

v A = -w [dx A = w At "d„ (1.44) 

and the vector fields 

w[dr x = w ax 8a + 2w IJ ' x d l j,. 

Since w is of rank 2m, the vector fields 9 M can be expressed in the vector fields v A 
()1.44|) . Hence, the characteristic distribution of w is spanned by the Hamiltonian 
vector fields v A (|1.44p and the vector fields 

v x = w Ax d A - (1-45) 

The vector fields (|1.45[) are projected onto N. Moreover, one can derive from the rela- 
tion [w, it)] = that they generate a Lie algebra and, consequently, span an involutive 
distribution Vat of rank m on N. Let Tn denote the corresponding foliation of N. We 
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consider the pull-back T = n* Fn of this foliation onto U by the trivial fibration n 
|62j . Its leaves are the inverse images ir~ (Fn) of leaves Fn of the foliation Fn, and 
so is its characteristic distribution 

TF = (Ttv)-\V n ). 

This distribution is spanned by the vector fields v x (I1.45P on U and the vertical vector 
fields on U — > TV, namely, the vector fields v A (|1.44|l generating the algebra A. Hence, 
TF is the characteristic distribution of the Poisson bivector field w. Furthermore, 
since U — > TV is a trivial bundle, each leaf tv~ 1 (Fn) of the pull-back foliation F is the 
manifold product of a leaf F N of TV and the toroidal cylinder R fc_m x T m . It follows 
that the foliated manifold (U, F) can be provided with an adapted coordinate atlas 

{(U,, Jx,z A ,r x )}, A = l,...,fc, A= l,...,dimZ-2m, 

such that (Ja, z a ) are adapted coordinates on the foliated manifold (TV, Fn)- Relative 
to these coordinates, the Poisson bivector field (|1.41|) takes the form (|1.42[) . Let TV' be 
the domain of this coordinate chart. Then the dynamical algebra A on the toroidal 
domain U' = tt~ 1 (N') is generated by the Hamiltonian vector fields (|1.43p of 
functions S\ = J\. □ 

Remark 1.9: Let us note that the coefficients in the expressions (|1 .41[) 
and (|1.42p are affine in coordinates r A because of the relation [w, w] = and, 
consequently, they are constant on tori. □ 

Now, let w and w' be two different Poisson structures (|1 .41[) on the toroidal 
domain (|1.33[) which make a commutative dynamical algebra A into different 
partially integrable systems (w,A) and (w',A). 

Definition 1.12: We agree to call the triple (w,w',A) a bi-Hamiltonian par- 
tially integrable system if any Hamiltonian vector field ?9 G A with respect to w 
possesses the same Hamiltonian representation 

tf = -w[df = -w'ldf, feS, (1.46) 

relative to w' , and vice versa. □ 

Definition 11.121 establishes a sui generis equivalence between the partially 
integrable systems (w, A) and (w',A). Theorem 11.131 below states that the 
triple (w,w',A) is a bi-Hamiltonian partially integrable system in accordance 
with Definition 11.121 iff the Poisson bivector fields w and w' p.41[) differ only in 
the second terms W2 and w' 2 . Moreover, these Poisson bivector fields admit a 
recursion operator as follows. 

Theorem 1.13: (I) The triple (w, w' , A) is a bi-Hamiltonian partially integrable 
system in accordance with Definition 11.121 iff the Poisson bivector fields w and 
w' (|1.41[) differ in the second terms u>2 and w' 2 . (II) These Poisson bivector 
fields admit a recursion operator. □ 

Proof: (I). It is easily justified that, if Poisson bivector fields w (|1.41[) fulfil Definition 
11.121 they are distinguished only by the second summand W2- Conversely, as follows 
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from the proof of Theorem 11.111 the characteristic distribution of a Poisson bivector 
field w (|1.41|) is spanned by the vector fields (|1.44|) and (|1.45[) . Hence, all Poisson 
bivector fields w (|1.4ip distinguished only by the second summand W2 have the same 
characteristic distribution, and they bring A into a partially integrable system on the 
same toroidal domain U' . Then the condition in Definition ll.l2l is easily justified. (II). 
The result follows from forthcoming Lemma [l,14l □ 

Given a smooth real manifold X, let w and w' be Poisson bivector fields of 
rank 2m on X , and let and w/" be the corresponding bundle homomorphisms 
p.5p . A tangent- valued one-form R on X yields bundle endomorphisms 

R :TX ->■ TX, R* : T*X ->■ T*X. (1.47) 

It is called a recursion operator if 

w/f =J?ow« ^w^oR*. (1.48) 

Given a Poisson bivector field w and a tangent valued one-form R such that 
Royfl — o R* , the well-known sufficient condition for R o w$ to be a Poisson 
bivector field is that the Nijenhuis torsion (|7.36[) of R, seen as a tangent-valued 
one- form, and the Magri - Morosi concomitant of R and w vanish [TTJ IBB] . 
However, as we will see later, recursion operators between Poisson bivector 
fields in Theorem 11.131 need not satisfy these conditions. 

Lemma 1.14: A recursion operator between Poisson structures of the same rank 
exists iff their characteristic distributions coincide. □ 

Proof: It follows from the equalities (|1.48[) that a recursion operator R sends the 
characteristic distribution of w to that of w' , and these distributions coincide if w and 
w' are of the same rank. Conversely, let regular Poisson structures w and w' possess 
the same characteristic distribution TT — > TX tangent to a foliation T of X. We 
have the exact sequences (|7.39[1 - (|7.40p . The bundle homomorphisms u;" and «/* 
(|1.5|l factorize in a unique fashion (|1.13[) through the bundle isomorphisms vr T and 
w% (|1.13|l . Let us consider the inverse isomorphisms 

w b F :TT -> TT* , w% : TT -> TT* (1.49) 

and the compositions 

Rj, = w% o : TT TT, Rj? = iwjr o w% : TT* TT*. (1.50) 
There is the obvious relation 

Wjr — Rjr O Ul^r = W^-p O R* T . 

In order to obtain a recursion operator (|1.48[1 , it suffices to extend the morphisms Rjr 
and _RJr (|1.50[) onto TX and T*X, respectively. For this purpose, let us consider a 
splitting 

C : TX -> TT, 

TX — TT ffi (Id - i T o QTX = TT E, 
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of the exact sequence (|7.39p and the dual splitting 
C* : TT* -> T*X, 

T*X = (*(TT*) (Id - C ° i*f)T*X = C(TT*) ® E', 

of the exact sequence (|T.40f) . Then the desired extensions are 

R = R T xlAE, R* = (C* oR* F ) x IdE'. 

This recursion operator is invertible, i.e., the morphisms (|1.47[) are bundle isomor- 
phisms. □ 

For instance, the Poisson bivector field w (|1.4ip and the Poisson bivector 
field 

w = w AX 8 A A d x 

admit a recursion operator — Row^ whose entries are given by the equalities 
R£ = 8i, R>Z = 8 I S, R A = 0, w» x =R x b w b ». (1.51) 

Its Nijenhuis torsion (j7.36|) fails to vanish, unless coefficients w^ x are indepen- 
dent of coordinates r A . 

Given a partially integrable system (w, A) in Theorem 11.111 the bivector 
field w (|1.42|) can be brought into the canonical form f|l .39[) with respect to 
partial action-angle coordinates in forthcoming Theorem 11.151 This theorem 
extends the Liouville - Arnold theorem to the case of a Poisson structure and 
a non-compact invariant submanifold |35( 141) . 

Theorem 1.15: Given a partially integrable system (w,A) on a Poisson ma- 
nifold (U,w), there exists a toroidal domain U' C U equipped with partial 
action- angle coordinates (I a ,Ii, z A ,r a , (j) 1 ) such that, restricted to U' , a Poisson 
bivector field takes the canonical form 

w = d a Ad a + d l Ad u (1.52) 

while the dynamical algebra A is generated by Hamiltonian vector fields of the 
action coordinate functions S a = I a , Si — 7j. □ 

Proof: First, let us employ Theorem 11.111 and restrict U to the toroidal domain, say 
U again, equipped with coordinates (J\, z A ,r x ) such that the Poisson bivector field 
w takes the form (|1.42l) and the algebra A is generated by the Hamiltonian vector 
fields fix ()1. 43f) of m independent functions S\ = Jx in involution. Let us choose 
these vector fields as new generators of the group G and return to Theorem 11.101 In 
accordance with this theorem, there exists a toroidal domain U' C U provided with 
another trivialization U' — > N' C N in toroidal cylinders R m_r x T T and endowed 
with bundle coordinates ( Jx, z A ,r x ) such that the vector fields $x l|1.43[) take the form 
PS) . For the sake of simplicity, let U' , N' and y x be denoted U, N and r A = (t a , ip l ) 
again. Herewith, the Poisson bivector field w is given by the expression (|1.42p with 
new coefficients. Let iu" : T*U -> TU be the corresponding bundle homomorphism. 
It factorizes in a unique fashion (|1.13|) : 

■ * H 

w" : T*U TT -^TT ^TU 
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through the bundle isomorphism 

w% : TT* -¥ TT, w^-.a^f -w{x) [a. 

Then the inverse isomorphisms w b j: : TT — ¥ TT* provides the foliated manifold (U, T) 
with the leafwise symplectic form 

ttj- = tt> lu (Jx,z A ,t a )dJ ll AdJ„ +%,{J x ,z A )dJ„ Adr", (1.53) 
^v)$ = S%, V* = -Q^Stw 11 " . (1.54) 

Let us show that it is d-exact. Let F be a leaf of the foliation T of U. There is a 
homomorphism of the de Rham cohomology H^ R (U) of U to the de Rham cohomology 
ff0 R (F) of F, and it factorizes through the leafwise cohomology Hjr(U). Since N is 
a domain of an adapted coordinate chart of the foliation Tn, the foliation Tn of N is 
a trivial fibre bundle 

N = V x W -> W. 

Since T is the pull-back onto U of the foliation Tn of N, it also is a trivial fibre bundle 

U = V xW x (R fc_m xT m )^W (1.55) 

over a domain W C R dimZ ~ 2m . It follows that 

Hv R (U) = H^(T r ) = H* T {U). 

Then the closed leafwise two-form £ljr (|1.53[) is exact due to the absence of the term 
O.fivdr' 1 A dr" . Moreover, Qjr = dE where S reads 

S = E°'(J\,z A ,r x )dJ a + ~.i(J\,z A )dy 

up to a d-ex&ct leafwise form. The Hamiltonian vector fields i}\ 
the relation 

which falls into the following conditions 

n x = d x E z - &E\ (1.57) 
Q x a = -d a E x = 8 X . (1.58) 

The first of the relations (|1.54[1 shows that is a non-degenerate matrix independent 
of coordinates r x . Then the condition (|1.57[) implies that diE x are independent of tp l , 
and so are H A since tp 1 are cyclic coordinates. Hence, 

Q A = d A Hi, (1.59) 
9<jn J r = -dH i . (1.60) 

Let us introduce new coordinates I a — J a , h = Ei(J\). By virtue of the equalities 
(|1.58[l and (11 .59|> . the Jacobian of this coordinate transformation is regular. The 
relation (|1.60[) shows that di are Hamiltonian vector fields of the functions Si = ij. 
Consequently, we can choose vector fields 9a as generators of the algebra A. One 
obtains from the equality (|1.58[) that 

E a = -t a + E a (J x ,z A ) 



= <S M 038} obey 
(1.56) 
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and H 1 are independent of t a . Then the leafwise Liouville form 3 reads 

S = (-t a + E a (h,z A ))dI a + E'(I X , z A )dh + hdtp\ 
The coordinate shifts 

r a = _ t - +E ^ h)Z ^ > 0* = - E\I X ,Z A ) 

bring the leafwise form ttjr (|1.53p into the canonical form 

£V = dl a A d~T a + dh A df 
which ensures the canonical form (|1.52p of a Poisson bivector field w. □ 

1.4 Partially integrable system on a symplectic manifold 

Let A be a commutative dynamical algebra on a 2n-dimensional connected 
symplectic manifold (Z, f2). Let it obey condition (a) in Definition 11.91 How- 
ever, condition (b) is not necessarily satisfied, unless m — n, i.e., a system is 
completely integrable. Therefore, we modify a definition of partially integrable 
systems on a symplectic manifold. 

Definition 1.16: A collection {Si,...,S m } of m < n independent smooth 
real functions in involution on a symplectic manifold (Z, f2) is called a partially 
integrable system. □ 

Remark 1.10: By analogy with Definition II .91 one can require that functions 
S\ in Definition 11.161 are independent almost everywhere on Z . However, all 
theorems that we have proved above are concerned with partially integrable 
systems restricted to some open submanifold Z' C Z of regular points of Z . 
Therefore, let us restrict functions 5a to an open submanifold Z' C Z where they 
are independent, and we obtain a partially integrable system on a symplectic 
manifold (Z',f2) which obeys Definition 11.161 However, it may happen that Z 1 
is not connected. In this case, we have different partially integrable systems on 
different components of Z' . □ 

Given a partially integrable system (5a) in Definition 11.161 let us consider 
the map 

S : Z CM." 1 . (1.61) 

Since functions 5a are everywhere independent, this map is a submersion onto 
a domain W C K m , i.e., 5 (jl.6ip is a fibred manifold of fibre dimension 2n — m. 
Hamiltonian vector fields i?a of functions 5a are mutually commutative and 
independent. Consequently, they span an m-dimensional involutive distribution 
on Z whose maximal integral manifolds constitute an isotropic foliation J- of 
Z. Because functions 5a are constant on leaves of this foliation, each fibre of a 
fibred manifold Z — > W (jl.6ip is foliated by the leaves of the foliation T . 

If m = n, we are in the case of a completely integrable system, and leaves of 
T are connected components of fibres of the fibred manifold (|1.61P . 
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The Poincare - Lyapounov - Nekhoroshev theorem (26, 65] generalizes the 
Liouville - Arnold one to a partially integrable system if leaves of the foliation 
T are compact. It imposes a sufficient condition which Hamiltonian vector 
fields v\ must satisfy in order that the foliation J 7 is a fibred manifold [25J HZ] • 
Extending the Poincare - Lyapounov - Nekhoroshev theorem to the case of 
non-compact invariant submanifolds, we in fact assume from the beginning that 
these submanifolds form a fibred manifold [351 HI] • 

Theorem 1.17: Let a partially integrable system {Si, . . . , S m } on a symplcctic 
manifold (Z, Q) satisfy the following conditions. 

(i) The Hamiltonian vector fields d\ of S\ are complete. 

(ii) The foliation J 7 is a fibred manifold 

7T : Z -> N (1.62) 

whose fibres are mutually diffeomorphic. 
Then the following hold. 

(I) The fibres of J- are diffeomorphic to the toroidal cylinder (|1.32[) . 

(II) Given a fibre M of J-, there exists its open saturated neighborhood 
U whose fibration (jl.62p is a trivial principal bundle with the structure group 

(EE). 

(III) The neighborhood U is provided with the bundle (partial action-angle) 
coordinates 

(I\,Ps,q s ,y x ) -> (I\,p s ,q s ), X = l,...,m, s = l,...n-m, 

such that: (i) the action coordinates (jl.73l) are expressed in the values of 
the functions (S\), (ii) the angle coordinates (y x ) (|1 .76[) are coordinates on a 
toroidal cylinder, and (iii) the symplectic form f2 on U reads 

O = dl\ A dy X + dp s A dq s . (1.63) 

□ 

Proof: (I) The proof of parts (I) and (II) repeats exactly that of parts (I) and (II) of 
Theorem 1 1.10 1 As a result, let 

7T : U -> tt(U) C N (1.64) 

be a trivial principal bundle with the structure group R m_r x T r , endowed with the 
standard coordinate atlas (r A ) = (t a ,ip l ). Then U (|1.64|l admits a trivialization 

U = tt(U) x (R m " r x T r ) ->• tv(U) (1.65) 

with respect to the fibre coordinates (t a , ip 1 ). The Hamiltonian vector fields $a on U 
relative to these coordinates read (JT73HJ) : 

$ a = da, ® i = -{BC- 1 ) a i {x)d a + {C- 1 ) k i {x)d k . (1.66) 

In order to specify coordinates on the base tt(U) of the trivial bundle (]1 .65f) . let us 
consider the fibred manifold S (|1.61|) . It factorizes as 

S : U -^tt(U) ^S(U) 
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through the fibre bundle ir. The map n' also is a fibred manifold. One can always 
restrict the domain tt(U) to a chart of the fibred manifold tt' , say n(U) again. Then 
tt(U) -> S(U) is a trivial bundle tt(U) = S{U) x V, and so is U -> 5(f7). Thus, we 
have the composite bundle 

U = x V x (R m ~ r x T r ) -> 5(17) x V -> 5(f7). (1.67) 

Let us provide its base 5(?7) with the coordinates (Ja) such that 

Ja°S = Sa. (1.68) 

Then n(U) can be equipped with the bundle coordinates ( J\, x A ), A = 1, . . . , 2(n — m), 
and (J\,x A , t a , (p*) are coordinates on U (|1.33|) . Since fibres of {7 — >• 7r([/) are isotropic, 
a symplectic form on (7 relative to the coordinates (J\,x A ,r x ) reads 

n = fT^dJa A dJp + QpdJ a A dr* 3 + (1.69) 
QAadx A A da; s + Q\dJ\ A d£ A + Q,Apdx A A dr^. 

The Hamiltonian vector fields $a = ^a^m (|l-66p obey the relations i9aJS1 = —dj\ 
which result in the coordinate conditions 

n|0f = 5a, = 0. (1.70) 

The first of them shows that is a non-degenerate matrix independent of coordinates 
r A . Then the second one implies that Qa/3 = 0. By virtue of the well-known Kiinneth 
formula for the de Rham cohomology of manifold products, the closed form Q, (|1.69l) 
is exact, i.e., Q — dH where the Liouville form H is 

E = E a (J x ,x B ,r x )dJ ct + E i {J x ,x B )dip i + S A {,h,x B ,r x )dx A . 

Since H a = and Hi are independent of <^ ! , it follows from the relations 

&Afi = dAEp - dpEA = 

that "Ea are independent of coordinates t a and are at most affine in tp*. Since ip z are 
cyclic coordinates, Sa are independent of tp 1 . Hence, Si are independent of coordinates 
x A , and the Liouville form reads 

3 = E a (J x ,x B ,r x )d.J a +E i {J x )d<p i +E A (.h,x B )dx A . (1.71) 

Because entries of dE = are independent of r A , we obtain the following. 

(i) Q x = d x Ei — diE x . Consequently, diE x are independent of ip 1 , and so are H A 
since tp % are cyclic coordinates. Hence, Q. x = d x Ei and di\Q, = —dEi. A glance at 
the last equality shows that di are Hamiltonian vector fields. It follows that, from 
the beginning, one can separate m generating functions on U, say 5j again, whose 
Hamiltonian vector fields are tangent to invariant tori. In this case, the matrix B in 
the expressions (|1.37|l and (|1.66[) vanishes, and the Hamiltonian vector fields i?a l|1.66|l 
read 

$a = d a , $i = {C- l ) k id k . (1.72) 

Moreover, the coordinates t a are exactly the flow parameters s a . Substituting the 
expressions (|1.72p into the first condition (|l,70|l . we obtain 

Q. = fl aP dJ a A dJp + dj a A ds a + & k dJi A dip k + 
Q,Asdx A A dx B + £lA_dJ\ A dx A . 
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It follows that Hi are independent of J a , and so are Cf = d k Si. 

(ii) Q x = -d a Z x = <£. Hence, H a = -s a + E a (J x ) and H ! = E l (J x ,x B ) are 
independent of s a . 

In view of items (i) - (ii), the Liouville form S (|1.71|l reads 

S = (s a + E a (J x , x B ))dJ a + E\J X , x B )d.h + 
=.i{Jj)dip x + Ea(J\, x B )dx A . 

Since the matrix <9 fe E; is non-degenerate, we can perform the coordinate transforma- 
tions 

Ia = Ja, I i =S i (J j ), (1.73) 

These transformations bring Q into the form 

n = dI x A dr' x + n AB (I^,x C )dx A A dx B + Q,\{I^,x C )dIx A dx A . (1.74) 

Since functions 7a are in involution and their Hamiltonian vector fields 9a mutually 
commute, a point z £ M has an open neighborhood 

U z = ir(U z ) x 0„ O z cR m - r xT r , 

endowed with local Darboux coordinates (7a, p s , q s ,y x ), s — 1, . . . , n — m, such that 
the symplectic form Q (|1.74p is given by the expression 

n = dIxAdy x + dp a Adq s . (1.75) 

Here, y x (Ix, x A , r' a ) are local functions 

y X = r' x + f x (Ix,x A ) (1.76) 

on U z . With the above-mentioned group G of flows of Hamiltonian vector fields $a, 
one can extend these functions to an open neighborhood 

tt(U z ) x R k ~ m x T m 

of M, say U again, by the law 

y x (Ix,x A ,G(z) a ) = G{z) x + f\lx,x A ). 

Substituting the functions (|1,76[) on U into the expression (|1.74|l , one brings the sym- 
plectic form Q into the canonical form (| 1 .63fl on U. □ 

Remark 1.11: If one supposes from the beginning that leaves of the foliation 
T are compact, the conditions of Theorem 1 1 . 1 71 can be replaced with that T is 
a fibred manifold (see Theorems 17.21 and I7.5[) . □ 
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1.5 Global partially integrable systems 

As was mentioned above, there is a topological obstruction to the existence of 
global action-angle coordinates. Forthcoming Theorem ll.lSl is a global general- 
ization of Theorem ITTT71 (23J glj EI] • 

Theorem 1.18: Let a partially integrable system {Si, . . . , 5 m } on a symplectic 
manifold (Z, f2) satisfy the following conditions. 

(i) The Hamiltonian vector fields d\ of 5a are complete. 

(ii) The foliation J 7 is a fibre bundle 

7T : Z -> TV. (1.77) 

(iii) Its base N is simply connected and the cohomology H 2 (N; Z) of TV with 
coefficients in the constant sheaf Z is trivial. 

Then the following hold. 

(I) The fibre bundle (ll.77[) is a trivial principal bundle with the structure 
group (|1.32j) . and we have a composite fibred manifold 

S = (on:Z — >N — >W, (1.78) 

where TV — > W however need not be a fibre bundle. 

(II) The fibred manifold (|1.78[) is provided with the global fibred action-angle 
coordinates 

(h,x A ,y x ) -> (h,x A ) -> (/a), A = l,...,m, A = 1, . . . 2(n - m), 

such that: (i) the action coordinates (|1.87[) are expressed in the values 
of the functions (5a) and they possess identity transition functions, (ii) the 
angle coordinates (y x ) (11.87[) are coordinates on a toroidal cylinder, (iii) the 
symplectic form f2 on U reads 

O = dl\ A dy x + n\dl x A dx A + VL AB dx A A dx B . (1.79) 

□ 

Proof: Following part (I) of the proof of Theorems 11.101 and 11.171 one can show that 
a typical fibre of the fibre bundle (|1.77p is the toroidal cylinder (ll.32|l . Let us bring 
this fibre bundle into a principal bundle with the structure group (|1.32|l . Generators 
of each isotropy subgroup K x of R m are given by r linearly independent vectors m (x) 
of a group space R m . These vectors are assembled into an r-fold covering K —¥ N. 
This is a subbundle of the trivial bundle 

TV x R m -> TV (1.80) 

whose local sections are local smooth sections of the fibre bundle (|1.80[) . Such a 
section over an open neighborhood of a point x € TV is given by a unique local solution 
s (x')e\, e\ = $a> of the equation 

g(s x )a{x) = exp(s x e x )cr(x') = o(x), s x (x)e\ = Ui(x), 
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where a is an arbitrary local section of the fibre bundle Z — > TV over an open neigh- 
borhood of x. Since TV is simply connected, the covering K — > TV admits r everywhere 
different global sections 1u which are global smooth sections Ui(x) = u^{x)e\ of the 
fibre bundle (ll.80[) . Let us fix a point of TV further denoted by {0}. One can de- 
termine linear combinations of the functions S\, say again S\, such that Ui(0) — et, 
i = m — r, . . . , m, and the group Go is identified to the group R m_r x T T . Let E x 
denote an r-dimensional subspace of R m passing through the points u\(x), . . . , u r (x). 
The spaces E x , x EE TV, constitute an r-dimensional subbundle E — > TV of the trivial 
bundle (|1.80[) . Moreover, the latter is split into the Whitney sum of vector bundles 
E(BE' , where E' x = R m /E x [48]. Then there is a global smooth section 7 of the trivial 
principal bundle TV x GL(ra,R) — > TV such that j(x) is a morphism of Eq onto E m , 
where 

Ui{x) = 7(x)(e») = 7 t A e A . 

This morphism also is an automorphism of the group R m sending Kq onto K x . There- 
fore, it provides a group isomorphism p x : Go — > G x . With these isomorphisms, one 
can define the fibrewise action of the group Go on Z given by the law 

Go x M x — > p x (Go) x M x — > M x . (1.81) 

Namely, let an element of the group Go be the coset g(s x )/Ko of an element g(s x ) of the 
group R m . Then it acts on M x by the rule (fl~8Tj) just as the coset gi^ix)' 1 )^ 13 ) / K x 
of an element ff((7(a;)" 1 )^s /3 ) of R m does. Since entries of the matrix 7 are smooth 
functions on TV, the action (11.811) of the group Go on Z is smooth. It is free, and 
Z/Go = TV. Thus, Z — > TV (ll.TTf) is a principal bundle with the structure group 
Go = R m ~ r xf. 

Furthermore, this principal bundle over a paracompact smooth manifold TV is 
trivial as follows. In accordance with the well-known theorem [48], its structure group 
Go (|1.32[) is reducible to the maximal compact subgroup T r , which also is the maximal 

r 

compact subgroup of the group product x GL(1, C). Therefore, the equivalence classes 
of T -principal bundles £ are defined as 

c(0 = C (fc e • • • e £ r ) = (1 + ci(Ci)) •••(! + a(Cr)) 

by the Chern classes ci(^i) £ H 2 (N; Z) of f7(l)-principal bundles ^ over TV [48] . Since 
the cohomology group H 2 (N;Z) of TV is trivial, all Chern classes ci are trivial, and 
the principal bundle Z — > TV over a contractible base also is trivial. This principal 
bundle can be provided with the following coordinate atlas. 

Let us consider the fibred manifold S : Z — > W (|1.61[) . Because functions S\ 
are constant on fibres of the fibre bundle Z — > TV (|1.77|l . the fibred manifold (|1.61|) 
factorizes through the fibre bundle ()1.77[) . and we have the composite fibred manifold 
()1.78[) . Let us provide the principal bundle Z — > TV with a trivialization 

Z = TV x R m - r x T r -> TV, (1.82) 

whose fibres are endowed with the standard coordinates (r A ) = (t a , ip') on the toroidal 
cylinder ()1.32[) . Then the composite fibred manifold (|1.78|) is provided with the fibred 
coordinates 

{J x ,x A ,t a ,V% (1-83) 
X — 1, . . . ,m, A — 1, ... , 2(n — m), a = 1, . . . , m — r, i — 1, . . . , r, 
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where Jx (|1.68[) are coordinates on the base W induced by Cartesian coordinates on 
R m , and (J\,x A ) are fibred coordinates on the fibred manifold £ : N —¥ W. The 
coordinates Jx on W C R m and the coordinates (t a , (fi 1 ) on the trivial bundle (|1.82|1 
possess the identity transition functions, while the transition function of coordinates 
(x A ) depends on the coordinates (J\) in general. 

The Hamiltonian vector fields $\ on Z relative to the coordinates ()1.83[1 take the 
form 

0x = #l(x)d a + 6x(x)di. (1.84) 

Since these vector fields commute (i.e., fibres of Z — ¥ N are isotropic), the symplectic 
form fl on Z reads 

fi = Q,$dJ a A dr 13 + n aA dr a A dx A + Q a > 8 dJ a A dJp + (1.85) 
fl^dJa A dx A + Q,ABdx A A dx B . 

This form is exact (see Lemma 11.191 belowl . Thus, we can write 

fi = dZ, E = E x (J a ,x B ,r a )dJ\ + E\(J a , x B )dr x + (1.86) 
E A (J a ,x B ,r a )dx A . 

Up to an exact summand, the Liouville form S (|1.86[l is brought into the form 

3 = E x (J a ,x B ,r a )dJx + E i (J a ,x B )d(p t + Ea(Jc, x b ,r a )dx A , 

i.e., it does not contain the term E a dt a . 

The Hamiltonian vector fields fix (11.84[) obey the relations i9aJ0 = —dJ\, which 
result in the coordinate conditions H1.70p . Then following the proof of Theorem 11.171 
we can show that a symplectic form Q on Z is given by the expression ()1.79p with 
respect to the coordinates 



la = Ja, Ii = Ei(Jj), (1.87) 

V = -a =t -E (Jx,x ), y = if -=. J (Jx,x 



~ B \ »A — ,J -iti „ B \ 

□ 



Lemma 1.19: The symplectic form VL (jl.85l) is exact. □ 

Proof: In accordance with the well-known Kunneth formula, the de Rham cohomology 
group of the product (|1.82[) reads 

Hl n {Z) = H 2 R (N) ® Hh K (N) ® Ht, R (T r ) #£ R (T r ). 

By the de Rham theorem [48], the de Rham cohomology H%,-r(N) is isomorphic to the 
cohomology H 2 (N; R) of N with coefficients in the constant sheaf R. It is trivial since 

H 2 (N;R) = H 2 {N;Z) ® R 

where H 2 (N; Z) is trivial. The first cohomology group H^ R (N) of N is trivial because 
N is simply connected. Consequently, H^ R (Z) = H^ ) - R (T r ). Then the closed form Q, 
(jl .85|) is exact since it does not contain the term Qijdip 1 A dip 3 . □ 
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2 Superintegrable systems 



In comparison with partially integrable and completely integrable systems in- 
tegrals of motion of a superintegrable system need not be in involution. We 
consider superintegrable systems on a symplectic manifold. A key point is that 
invariant submanifolds of any superintegrable system are maximal integral man- 
ifolds of a certain partially integrable system (Proposition I2.4j) . Completely 
integrable systems are particular superintegrable systems (see Definition 12.21) . 

Our goal are Theorem 12 .51 for superintegrable systems, Theorem 12 . 71 for com- 
pletely integrable systems, Theorem 12.91 for globally superintegrable systems, 
and Theorem 12.101 for globally completely integrable systems. 

Definition 2.1: Let (Z, J7) be a 2n-dimensional connected symplectic manifold, 
and let (C°°(Z), {, }) be the Poisson algebra of smooth real functions on Z. A 
subset 

F=(F 1 ,...,F k ), n<k<2n, (2.1) 

of the Poisson algebra C°°(Z) is called a superintegrable system if the following 
conditions hold. 

(i) All the functions Fi (called the generating functions of a superintegrable 

k 

system) arc independent, i.e., the fc-form A dFi nowhere vanishes on Z . It follows 
that the map F : Z — > R k is a submersion, i.e., 

F : Z -> N = F(Z) (2.2) 

is a fibred manifold over a domain (i.e., contractible open subset) TV C Mr 
endowed with the coordinates (xi) such that Xi o F — Fi. 

(ii) There exist smooth real functions Sy on N such that 

{F i ,F j } = s ij oF, i,j 1 /.-. (2.3) 

(iii) The matrix function s with the entries (|2.3[) is of constant corank 
rn = 2n — k at all points of N. □ 

Remark 2.1: We restrict our consideration to the case of generating functions 
which are independent everywhere on a symplectic manifold Z (see Remarks 
[TT0l and [2~2|) . □ 

If k — n, then s = 0, and we are in the case of completely integrable systems 
as follows. 

Definition 2.2: The subset F, k — n, (I2.1j) of the Poisson algebra C°°(Z) on 
a symplectic manifold (Z, fl) is called a completely integrable system if Fi are 
independent functions in involution. □ 

If k > n, the matrix s is necessarily non-zero. Therefore, superintegrable 
systems also are called non-commutative completely integrable systems. If k = 
2n ~ 1, a superintegrable system is called maximally superintegrable. 
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The following two assertions clarify the structure of superintegrable systems 

miEUE]. 

Proposition 2.3: Given a symplectic manifold (Z,Sl), let F : Z ->• N be a 
fibred manifold such that, for any two functions /, /' constant on fibres of F, 
their Poisson bracket {/, /'} is so. By virtue of Theorem ll.3l N is provided with 
an unique coinduced Poisson structure {, }jv such that F is a Poisson morphism. 
□ 

Since any function constant on fibres of F is a pull-back of some function 
on N, the superintegrable system (|2.ip satisfies the condition of Proposition 
|2~B1 due to item (ii) of Definition O Thus, the base N of the fibration (ET2"j) 
is endowed with a coinduced Poisson structure of corank to. With respect to 
coordinates xt in item (i) of Definition 12.11 its bivector field reads 

w = s tJ (x k )d l (2.4) 

PROPOSITION 2.4: Given a fibred manifold F : Z -> iV in Proposition 12.31 the 
following conditions are equivalent [TSJ [55] : 

(i) the rank of the coinduced Poisson structure {,}n on N equals 2dim N — 
dim Z , 

(ii) the fibres of F are isotropic, 

(iii) the fibres of F are maximal integral manifolds of the involutive distribu- 
tion spanned by the Hamiltonian vector fields of the pull-back F*C of Casimir 
functions C of the coinduced Poisson structure (|2.4I) on iV. □ 

It is readily observed that the fibred manifold F (|2.2p obeys condition (i) of 
Proposition 12.41 due to item (iii) of Definition 12. 1[ namely, k — to = 2(fc — n). 
Fibres of the fibred manifold F (|2.2p are called the invariant submanifolds. 

Remark 2.2: In many physical models, condition (i) of Definition 12. II fails to 

hold. Just as in the case of partially integrable systems, it can be replaced with 

k 

that a subset Zr C Z of regular points (where A dFi ^ 0) is open and dense. 
Let M be an invariant submanifold through a regular point z 6 Zr C Z . Then 
it is regular, i.e., M C Zr. Let M admit a regular open saturated neighborhood 
Um (he., a fibre of F through a point of Um belongs to Um)- For instance, any 
compact invariant submanifold M has such a neighborhood Um- The restriction 
of functions -F, to Um defines a superintegrable system on Um which obeys 
Definition ^. II In this case, one says that a superintegrable system is considered 
around its invariant submanifold M, □ 

Let (Z, fi) be a 2n-dimensional connected symplectic manifold. Given the su- 
perintegrable system (Fi) (|2.1j) on (Z, CI), the well known Mishchenko - Fomenko 
theorem (Theorem 12. 6p states the existence of (semi-local) generalized action- 
angle coordinates around its connected compact invariant submanifold [SJ [T51 
[61] . The Mishchenko - Fomenko theorem is extended to superintegrable sys- 
tems with non-compact invariant submanifolds (Theorem 12.51) [2"2l |2~41 14T1 174] . 
These submanifolds are diffeomorphic to a toroidal cylinder 

l m - r x T r , m = 2n-k, 0<r<m. (2.5) 
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Note that the Mishchenko - Fomenko theorem is mainly applied to super- 
integrable systems whose integrals of motion form a compact Lie algebra. The 
group generated by flows of their Hamiltonian vector fields is compact. Since 
a fibration of a compact manifold possesses compact fibres, invariant subman- 
ifolds of such a superintegrable system are compact. With Theorem 12.51 one 
can describe superintegrable Hamiltonian system with an arbitrary Lie algebra 
of integrals of motion. 

Given a superintegrable system in accordance with Definition 12. 11 the above 
mentioned generalization of the Mishchenko - Fomenko theorem to non-compact 
invariant submanifolds states the following. 

Theorem 2.5: Let the Hamiltonian vector fields of the functions Fj be 
complete, and let the fibres of the fibred manifold F (12. 2p be connected and 
mutually diffcomorphic. Then the following hold. 

(I) The fibres of F (|2 . 2[) arc diffcomorphic to the toroidal cylinder (|2 . 5[) . 

(II) Given a fibre M of F (|2.2[) . there exists its open saturated neighborhood 
Um which is a trivial principal bundle 

U M = N M x R m -' r xT r A N M (2.6) 

with the structure group (12.51) . 

(III) The neighborhood Um is provided with the bundle ( generalized action- 
angle) coordinates (I\,p s ,q s .y x ), A = 1, . . . , m, s — l,...,n — m, such that: (i) 
the generalized angle coordinates (y A ) are coordinates on a toroidal cylinder, 
i.e., fibre coordinates on the fibre bundle (|2.6|) . (ii) (I\,p s ,q s ) are coordinates 
on its base Nm where the action coordinates (I\) are values of Casimir functions 
of the coinduced Poisson structure {, }at on Nm, and (iii) the symplectic form 
£1 on Um reads 

Q = dl\ A dy x + dp s A dq s . (2.7) 

□ 

Proof: It follows from item (iii) of Proposition 12.41 that every fibre M of the fibred 
manifold (|2.2[) is a maximal integral manifolds of the involutive distribution spanned 
by the Hamiltonian vector fields V\ of the pull-back F*C\ of m independent Casimir 
functions {Ci, . . . , C m } of the Poisson structure {, }n (12. 4[) on an open neighborhood 
Nm of a point F{M) g N. Let us put Um = F~ {Nm)- It is an open saturated 
neighborhood of M. Consequently, invariant submanifolds of a superintegrable system 
H2.ll) on Um are maximal integral manifolds of the partially integrable system 

C* = (F*Ci,...,F*C m ), 0<m<n, (2.8) 

on a symplectic manifold (Um,Q)- Therefore, statements (I) - (III) of Theorem 12.51 
are the corollaries of Theorem 1 1.1 71 Its condition (i) is satisfied as follows. Let M' be 
an arbitrary fibre of the fibred manifold F : Um —5- Nm (|2.2p . Since 

F*C x {z) = [Cx o F){z) = C x {Fi{z)), z e M', 

the Hamiltonian vector fields v\ on M' are R-linear combinations of Hamiltonian 
vector fields #j of the functions Fi It follows that V\ are elements of a finite-dimensional 
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real Lie algebra of vector fields on M' generated by the vector fields Since vector 
fields i?i are complete, the vector fields v\ on M 1 also are complete (see forthcoming 
Remark 12. 3) . Consequently, these vector fields are complete on Um because they are 
vertical vector fields on Um — > N. The proof of Theorem 11.171 shows that the action 
coordinates (7a) are values of Casimir functions expressed in the original ones C\. □ 

Remark 2.3: If complete vector fields on a smooth manifold constitute a 
basis for a finite-dimensional real Lie algebra, any element of this Lie algebra is 
complete [55] ■ □ 

Remark 2.4: Since an open neighborhood Um (]2.6I) in item (II) of Theorem 
12 . 51 is not contractible, unless r = 0, the generalized action-angle coordinates on 
U sometimes are called semi-local. □ 

Remark 2.5: The condition of the completeness of Hamiltonian vector fields 
of the generating functions F{ in Theorem [23] is rather restrictive (see the Kepler 
system in Section 3). One can replace this condition with that the Hamiltonian 
vector fields of the pull-back onto Z of Casimir functions on N are complete. □ 

If the conditions of Theorem 12.51 are replaced with that the fibres of the 
fibred manifold F (|2.2p are compact and connected, this theorem restarts the 
Mishchenko - Fomenko one as follows. 

Theorem 2.6: Let the fibres of the fibred manifold F 1|2.2|) be connected and 
compact. Then they are diffeomorphic to a torus T m , and statements (II) - 
(III) of Theorem [23] hold. □ 

Remark 2.6: In Theorem 12.61 the Hamiltonian vector fields v\ are complete 
because fibres of the fibred manifold F (|2.2|) are compact. As well known, any 
vector field on a compact manifold is complete. □ 

If F (|2.ip is a completely integrable system, the coinduced Poisson structure 
on N equals zero, and the generating functions Fi are the pull-back of n inde- 
pendent functions on N. Then Theorems 12.61 and 12.51 come to the Liouville - 
Arnold theorem [3] [54] and its generalization (Theorem 12.7ft to the case of non- 
compact invariant submanifolds [20, 37 , respectively. In this case, the partially 
integrable system C* (|2.8[) is exactly the original completely integrable system 
F. 

Theorem 2.7: Given a completely integrable system, F in accordance with 
Definition 12. 2[ let the Hamiltonian vector fields §i of the functions Fi be com- 
plete, and let the fibres of the fibred manifold F (|2.2p be connected and mutually 
diffeomorphic. Then items (I) and (II) of Theorem 12.51 hold, and its item (III) 
is replaced with the following one. 

(Ill') The neighborhood Um (|2.6j) where to = n is provided with the bundle 
(generalized action-angle) coordinates y x ), A = 1, . . . , n, such that the angle 
coordinates (y x ) are coordinates on a toroidal cylinder, and the symplectic form 
£1 on Um reads 

Q = dI x Ady x . (2.9) 
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□ 



To study a superintegrable system, one conventionally considers it with re- 
spect to generalized action-angle coordinates. A problem is that, restricted to 
an action-angle coordinate chart on an open subbundle U of the fibred mani- 
fold Z — > N (|2.2j) . a superintegrable system becomes different from the original 
one since there is no morphism of the Poisson algebra C°°(U) on (U, f2) to that 
C°°(Z) on (Z, fi). Moreover, a superintegrable system on U need not satisfy the 
conditions of Theorem 12.51 because it may happen that the Hamiltonian vector 
fields of the generating functions on U are not complete. To describe superin- 
tegrable systems in terms of generalized action-angle coordinates, we therefore 
follow the notion of a globally superintegrable system [3TJ [73] . 

Definition 2.8: A superintegrable system F (|2.1[) on a symplectic manifold 
(Z, f2) in Definition 12.11 is called globally superintegrable if there exist global 
generalized action-angle coordinates 

(h,x A ,y x ), A = l,...,m, A = l,...,2(n-m), (2.10) 

such that: (i) the action coordinates are expressed in the values of some 
Casimir functions C\ on the Poisson manifold (N, {, }n), (h) the angle coordi- 
nates (y x ) are coordinates on the toroidal cylinder (|1.32p . and (iii) the symplectic 
form Q on Z reads 

n = dI x A dy x + n AB {I fi ,x c )dx A A dx B . (2.11) 

□ 

It is readily observed that the semi-local generalized action-angle coordinates 
on U in Theorem 12.51 are global on U in accordance with Definition 12.81 

Forthcoming Thcorcm l2.9l provides the sufficient conditions of the existence 
of global generalized action-angle coordinates of a superintegrable system on a 
symplectic manifold (Z,SV) [131 SU [7j] . It generalizes the well-known result for 
the case of compact invariant submanifolds [T3] [18] . 

Theorem 2.9: A superintegrable system F on a symplectic manifold (Z, O) is 
globally superintegrable if the following conditions hold. 

(i) Hamiltonian vector fields $j of the generating functions Fi are complete. 

(ii) The fibred manifold F (|2.2p is a fibre bundle with connected fibres. 

(iii) Its base N is simply connected and the cohomology H 2 (V;Z,) is trivial 

(iv) The coinduced Poisson structure {,}n on a base N admits m indepen- 
dent Casimir functions C\. □ 

Proof: Theorem l2.9l is a corollary of Theorem 1 1.181 In accordance with Theorem ll.181 
we have a composite fibred manifold 

Z -2->W, (2.12) 

where C : N — > W is a fibred manifold of level surfaces of the Casimir functions C\ 
(which coincides with the symplectic foliation of a Poisson manifold N). The composite 
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fibred manifold (|2.12|) is provided with the adapted fibred coordinates (J\,x A ,r x ) 
(|1.83|l . where J\ are values of independent Casimir functions and (r A ) = (t a ,(p l ) are 
coordinates on a toroidal cylinder. Since C\ = J\ are Casimir functions on N, the 
symplectic form Q (ll.85[) on Z reads 

n = Q.%dJ a a/ + n a Ady a A dx A + fl A Bdx A A dx B . (2.13) 

In particular, it follows that transition functions of coordinates x A on N are indepen- 
dent of coordinates Jx, i.e., C : V — > W is a trivial bundle. By virtue of Lemma [l,19l 
the symplectic form (|2.13|) is exact, i.e., f2 = dS, where the Liouville form 3 (|1.86p is 

5 = E x (J a , y ti )dJ\ + Si(J a )dip l + S A (x B )dx A . 

Then the coordinate transformations ()1.87|) : 

Ia = Ja, / i = B 4 (J J ), (2.14) 

y =-a =t -E (J x ), y =ip - =, J (Jx)-gY-, 

bring Q (|2.13[1 into the form In comparison with the general case (|1.87[1 . the 

coordinate transformations (|2.14[1 are independent of coordinates x A . Therefore, the 
angle coordinates y % possess identity transition functions on TV. □ 

Theorem 12.91 restarts Theorem 12.51 if one considers an open subset V of N 
admitting the Darboux coordinates x A on the symplectic leaves of U . 

Note that, if invariant submanifolds of a superintegrable system are assumed 
to be connected and compact, condition (i) of Theorem l2.9l is unnecessary since 
vector fields $\ on compact fibres of F are complete. Condition (ii) also holds 
by virtue of Theorem 17.21 In this case, Theorem 12.91 reproduces the well known 
result in [i"3] . 

If F in Theorem l2.9l is a completely integrable system, the coinduced Poisson 
structure on N equals zero, the generating functions Fi are the pull-back of n 
independent functions on N, and Theorem 12 .91 takes the following form |231l41~j . 

Theorem 2.10: Let a completely integrable system {F\, . . . , F n } on a symplec- 
tic manifold (Z, Q) satisfy the following conditions. 

(i) The Hamiltonian vector fields di of Fi are complete. 

(ii) The fibred manifold F (|2.2[) is a fibre bundle with connected fibres over 
a simply connected base N whose cohomology H 2 (N,Z) is trivial. 

Then the following hold. 

(I) The fibre bundle F (|2 . 2 f) is a trivial principal bundle with the structure 
group R 2,l ~ r x T r . 

(II) The symplectic manifold Z is provided with the global Darboux coordi- 
nates (I\,y x ) such that = dlx A dy x . □ 

It follows from the proof of Theorem 1 1 . 1 81 that its condition (iii) and, accord- 
ingly, condition (iii) of Theorem [23] guarantee that fibre bundles F in conditions 
(ii) of these theorems are trivial. Therefore, Theorem 12.91 can be reformulated 
as follows. 

Theorem 2.11: A superintegrable system F on a symplectic manifold (Z,Q) 
is globally superintegrable iff the following conditions hold. 
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(i) The fibred manifold F (|2.2I) is a trivial fibre bundle. 

(ii) The coinduced Poisson structure {, }jv on a base N admits m indepen- 
dent Casimir functions C\ such that Hamiltonian vector fields of their pull-back 
F*C\ are complete. □ 

Remark 2.7: It follows from Remark 12.31 and condition (ii) of Theorem 12. Ill 
that a Hamiltonian vector field of the the pull-back F*C of any Casimir function 
C on a Poisson manifold N is complete. □ 

In autonomous Hamiltonian mechanics, one considers superintegrable sys- 
tems whose generating functions are integrals of motion, i.e., they are in in- 
volution with a Hamiltonian "H, and the functions (H, Fx, ■ ■ ■ , are nowhere 
independent, i.e., 

{U,F i \ = Q, (2.15) 
dHA(AdFi)=0. (2.16) 



In order that an evolution of a Hamiltonian system can be defined at any 
instant t € M, one supposes that the Hamiltonian vector field of its Hamiltonian 
is complete. By virtue of Remark 12.71 and forthcoming Proposition 12.121 a 
Hamiltonian of a superintegrable system always satisfies this condition. 

Proposition 2.12: It follows from the equality (|2.16p that a Hamiltonian V. 
is constant on the invariant submanifolds. Therefore, it is the pull-back of a 
function on N which is a Casimir function of the Poisson structure (|2 .4[) because 
of the conditions (|2.15l) . □ 

Proposition 12.121 leads to the following. 

Proposition 2.13: Let H be a Hamiltonian of a globally superintegrable sys- 
tem provided with the generalized action-angle coordinates (I\,x A ,y x ) (|2.10[) . 
Then a Hamiltonian % depends only on the action coordinates I\ . Consequently, 
the Hamilton equation of a globally superintegrable system take the form 

. \ &H A 
y = — — , 1\ = const., x — const. 

oh 

□ 

Following the original Mishchenko - Fomenko theorem, let us mention super- 
integrable systems whose generating functions {F±, . . . , Fk} form a fc-dimensional 
real Lie algebra q of corank m with the commutation relations 

{F i ,F i }=^ j F h , 4 = const. (2.17) 

Then F (|2.2j) is a momentum mapping of Z to the Lie coalgebra g* provided 
with the coordinates x% in item (i) of Definition 12.11 [41] [45] . In this case, the 
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coinduced Poisson structure {,}n coincides with the canonical Lie - Poisson 
structure on g* given by the Poisson bivector field 



Let V be an open subset of g* such that conditions (i) and (ii) of Theorem l2.11l 
are satisfied. Then an open subset F _1 (V^) C Z is provided with the generalized 
action-angle coordinates. 

Remark 2.8: Let Hamiltonian vector fields #j of the generating functions 
which form a Lie algebra g be complete. Then they define a locally free Hamil- 
tonian action on Z of some simply connected Lie group G whose Lie algebra 
is isomorphic to g [67l [68] . Orbits of G coincide with /c-dimensional maximal 
integral manifolds of the regular distribution V on Z spanned by Hamiltonian 
vector fields di [81]. Furthermore, Casimir functions of the Lie - Poisson struc- 
ture on g* are exactly the coadjoint invariant functions on g*. They are constant 
on orbits of the coadjoint action of G on g* which coincide with leaves of the 
symplectic foliation of g*. □ 

Theorem 2.14: Let a globally superintegrable Hamiltonian system on a sym- 
plectic manifold Z obey the following conditions. 

(i) It is maximally superintegrable. 

(ii) Its Hamiltonian H is regular, i.e, dH nowhere vanishes. 

(iii) Its generating functions F{ constitute a finite dimensional real Lie alge- 
bra and their Hamiltonian vector fields are complete. 

Then any integral of motion of this Hamiltonian system is the pull-back of a 
function on a base N of the fibration F (|2.2[) . In other words, it is expressed in 
the integrals of motion Fi . □ 

Proof: The proof is based on the following. A Hamiltonian vector field of a function 
/ on Z lives in the one-codimensional regular distribution V on Z spanned by Hamil- 
tonian vector fields iff / is the pull-back of a function on a base N of the fibration 
F (|2.2[l . A Hamiltonian % brings Z into a fibred manifold of its level surfaces whose 
vertical tangent bundle coincide with V. Therefore, a Hamiltonian vector field of any 
integral of motion of H lives in V. □ 

It may happen that, given a Hamiltonian H of a Hamiltonian system on a 
symplectic manifold Z, we have different superintegrable Hamiltonian systems 
on different open subsets of Z. For instance, this is the case of the Kepler 
system. 

3 Global Kepler system 

We consider the Kepler system on a plane R 2 [HI [74] . 

Its phase space is T*R 2 = R 4 provided with the Cartesian coordinates 
* = and the canonical symplectic form 



w = -Ci j x h d i A d 3 . 




(3.1) 
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Let us denote 

p=(l>) 2 ) . ^(e^) 2 ) . (?.«) = !>*■ 

An autonomous Hamiltonian of the Kepler system reads 

U = \v 2 --. (3.2) 
2 r 

The Kepler system is a Hamiltonian system on a symplectic manifold 

Z = K 4 \ {0} (3.3) 

endowed with the symplectic form Ht (13. 1|) . 
Let us consider the functions 



M12 = -M 2 i = qiP2 - 92P1, (3.4) 
ft 2 1 n ft 

— = ftp -Pi(p,q) — 

r r 



Aj = .U,,//, - — = qip 2 -Pi(p,q)- — , i = 1, 2, (3.5) 



on the symplectic manifold Z (|3.3p . It is readily observed that they are integrals 
of motion of the Hamiltonian H (|3.2[) where M\2 is an angular momentum and 
(Ai) is a Rung - Lenz vector. Let us denote 

M 2 = (M 12 ) 2 , A 2 = (Ai) 2 + [A a f = 2M 2 n + 1. (3.6) 

Let Zq C Z be a closed subset of points where M12 = 0. A direct computa- 
tion shows that the functions (M12, A,-) (|3.4|) - (13. 5|) are independent of an open 
submanifold 

U = Z\Z (3.7) 

of Z. At the same time, the functions (H, M12, ^4i) are independent nowhere on 
U because it follows from the expression (|3.6[) that 



A 2 — 1 

« = W M 

on U (|3.7p . The well known dynamics of the Kepler system shows that the 
Hamiltonian vector field of its Hamiltonian is complete on U (but not on Z). 

The Poisson bracket of integrals of motion Mi 2 (13.41) and Ai (|3.5p obeys the 
relations 

{M12, A ( } = 772^1 - ?7hA 2 , (3.9) 

{Ax, A 2 } = 2HA/i2 = ^r^, (3.10) 
M12 

where Jjy is an Euclidean metric on M 2 . It is readily observed that these relations 
take the form (|2.3p . However, the matrix function s of the relations (I3.9[) - 
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(|3.10l) fails to be of constant rank at points where H — 0. Therefore, let us 
consider the open submanifolds [/_ C U where T-L < and U+ where T~L > 0. 
Then we observe that the Kepler system with the Hamiltonian T~L (|3.2I) and the 
integrals of motion (My,Ai) (|3.4j) - (|3.5[) on {/_ and the Kepler system with 
the Hamiltonian % (I3.2[) and the integrals of motion (My,Aj) (|3.4p - ()3 . 5[) on 
U+ are superintegrable Hamiltonian systems. Moreover, these superintegrable 
systems can be brought into the form f|2 . 1 7[) as follows. 

Let us replace the integrals of motions Ai with the integrals of motion 

U = -4L= (3.11) 

on U- , and with the integrals of motion 

Ki = (3.12) 

on U+. 

The superintegrable system (Mi 2 ,Li) on U- obeys the relations 

{M 12 ,Li} = ri2iL-L -r)uL 2 , (3.13) 
{L U L 2 } = -M 12 . (3.14) 

Let us denote — —Li and put the indexes fi,v,a,P = 1,2,3. Then the 
relations (|3.13j) - (|3.14[) are brought into the form 

{M^ v , M a p} = rjfipMva + r\ va M^ - r) m M v p - r) v pM m (3.15) 

where rj^ is an Euclidean metric on R 3 . A glance at the expression p,15|) shows 
that the integrals of motion Mi 2 (|3.4|l and Li (I3.11|) constitute the Lie algebra 
= so(3). Its corank equals 1. Therefore the superintegrable system [M\ 2 ,Li) 
on U- is maximally superintegrable. The equality (|3 . 8[) takes the form 

M 2 + L 2 = -^. (3.16) 

The superintegrable system (Mi 2 ,Ki) on U+ obeys the relations 

{M 12 ,K i } = mi K x - Vli K 2 , (3.17) 
{K U K 2 }=M 12 . (3.18) 

Let us denote = —Ki and put the indexes n,v,a,P = 1,2,3. Then the 
relations (|3.17[) - (|3.18l) are brought into the form 

{M^, M a p} = p^pMva + PvaMftp - p^aMvp - p u pM m (3.19) 

where is a pseudo-Euclidean metric of signature (+, +, — ) on R 3 . A glance 
at the expression (13.19[) shows that the integrals of motion M\ 2 (|3.4p and Ki 
(|3.12p constitute the Lie algebra so(2, 1). Its corank equals 1. Therefore the 
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superintegrable system (M\ 2 ,Ki) on U+ is maximally superintegrable. The 
equality (|3.8[) takes the form 

K2 ~ M2 = W (3 - 20) 

Thus, the Kepler system on a phase space R falls into two different maxi- 
mally superintegrable systems on open submanifolds U- and U+ of R 4 . We agree 
to call them the Kepler superintegrable systems on U- and {/+, respectively. 

Let us study the first one and put 

F 1 = -L 1 , F 2 = -L 2l F 3 = -M 12 , (3.21) 
{Fi,F 2 } — F 3l {i^, i^} = Fi, {F 3 ,Fi} — F 2 . 

We have a fibred manifold 

F :[/_—> TV C 0*, (3.22) 

which is the momentum mapping to the Lie coalgebra g* = so(3)*, endowed 
with the coordinates (xi) such that integrals of motion Fi on g* read Fi = xi. 
A base N of the fibred manifold (|3.22l) is an open submanifold of g* given by 
the coordinate condition x 3 ^ 0. It is a union of two contractible components 
defined by the conditions x 3 > and X3 < 0. The coinduced Lie - Poisson 
structure on N takes the form 

w = x 2 d 3 A d 1 + xsd 1 A d 2 + Xl d 2 A d 3 . (3.23) 

The coadjoint action of so(3) on N reads 

£1 = x 3 d 2 - x 2 d 3 , e 2 = xid 3 -x 3 d\ e 3 = x 2 d l - xid 2 . (3.24) 

The orbits of this coadjoint action are given by the equation 

x\ + x\ + x\ = const. (3.25) 

They are the level surfaces of the Casimir function 

/ 1 2 2 1 2 

O - — - X | X 2 i - X o 

and, consequently, the Casimir function 

h = -~{4 + xl + 4)- 1 . (3.26) 

A glance at the expression (|3.16[) shows that the pull-back F*h of this Casimir 
function (13.261) onto ?7_ is the Hamiltonian H (|3.2p of the Kepler system on U_ . 

As was mentioned above, the Hamiltonian vector field of F*h is complete. 
Furthermore, it is known that invariant submanifolds of the superintegrable 
Kepler system on U- are compact. Therefore, the fibred manifold F (|3.22[) is 
a fibre bundle in accordance with Theorem 17.21 Moreover, this fibre bundle 
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is trivial because N is a disjoint union of two contractible manifolds. Conse- 
quently, it follows from Theorem 12.111 that the Kepler superintegrable system 
on U- is globally superintegrable, i.e., it admits global generalized action-angle 
coordinates as follows. 

The Poisson manifold N (|3.22[) can be endowed with the coordinates 

(7,11,7), ^<0, 7^J,y, (3-27) 
defined by the equalities 

i \ 1/2 / 1 \ V2 

1 2 \ • _ / 1 2 



>-2=[-^j-x 1 j sin 7, x 3 =\-—-x- t ) cos-.. 

It is readily observed that the coordinates (|3.27[) are Darboux coordinates of 
the Lie - Poisson structure (|3.23j) on U- , namely, 

d d 

w=t^A— . (3.29) 
ox i oj 

Let f?/ be the Hamiltonian vector field of the Casimir function / (I3.28[) . 
By virtue of Proposition 12.41 its flows are invariant submanifolds of the Kepler 

superintegrable system on C7_. Let a be a parameter along the flow of this 
vector field, i.e., 

*, = I- (3.30) 

Then XJ_ is provided with the generalized action-angle coordinates (/, #1,7, a) 
such that the Poisson bivector associated to the symplectic form fir on U- 
reads 

dl da dxi d"f 

Accordingly, Hamiltonian vector fields of integrals of motion Fi (|3.21[) take the 
form 



d_ 



1/1 X" 1 / 2 Q / j \-l/2 q 

1 ,\ 1/2 d 



21 "V C ° S7 ^' 

1 ( 1 aY 1 ' 2 d ( 1 2 V 1/2 <> 



472 \~2i~ Xi ) C0S1 da- Xl YTr^) COS7 ^ + 
1 ,\ 1/2 . d 



.. . , sin 7— — . 
21 V 'dxi 
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A glance at these expressions shows that the vector fields i?i and $2 fail to be 
complete on U- (see Remark l2.5p . 

One can say something more about the angle coordinate a. The vector field 
i?i (15301) reads 

d_ >-> (^2i^_ _ dn d 

da 4^ V 9pi 9ft % <9p, 

This equality leads to the relations 

dq^ &H dp 1 _ dU 
da Opt ' 9a 9% ' 

which take the form of the Hamilton equation. Therefore, the coordinate a is a 
cyclic time a — t mod27r given by the well-known expression 



a = (j> - a 3 / 2 e sin(a 3 ^ 2 (j)), r = a(l-ecos(a 3 ^ 2 <p)), 
1 



a = - — , e=(l + 2/M 2 ) 1 /2. 

Now let us turn to the Kepler superintegrable system on U + . It is a globally 
superintegrable system with non-compact invariant submanifolds as follows. 
Let us put 

Si = -K u S 2 = -K 2 , S 3 = -M 12 , (3.32) 
{Si, S2} = — S3, {S 2 , S3} — Si, {S3, Si} — s 2 . 

We have a fibred manifold 

S : U+ -> N C fl*, (3.33) 

which is the momentum mapping to the Lie coalgebra q* = so(2, 1)*, endowed 
with the coordinates (xi) such that integrals of motion Si on q* read Si = x. L . 
A base N of the fibred manifold (|3. 331) is an open submanifold of g* given by 
the coordinate condition X3 ^ 0. It is a union of two contractible components 
defined by the conditions X3 > and X3 < 0. The coinduced Lie - Poisson 
structure on N takes the form 

w = x 2 d 3 A d 1 - xsd 1 A <9 2 + md 2 A d 3 . (3.34) 

The coadjoint action of so (2, 1) on JV reads 

£i = — X3C? 2 — x 2 9 3 , £2 = £i<9 3 + x$d , £3 = a^c* 1 — a^d 2 . 
The orbits of this coadjoint action are given by the equation 

xf + x 2 — x 2 = const. 
They are the level surfaces of the Casimir function 

2 1^ 2 2 

— X-y v X2 X g 
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and, consequently, the Casimir function 



h=~(x 2 1 +x 2 2 -xi)- 1 . (3.35) 

A glance at the expression p.20[) shows that the pull-back S*h of this Casimir 
function (|3.35p onto U+ is the Hamiltonian T~L (13. 2[) of the Kepler system on U+ . 

As was mentioned above, the Hamiltonian vector field of S*h is complete. 
Furthermore, it is known that invariant submanifolds of the superintegrable 
Kepler system on [7+ are diffeomorphic to R. Therefore, the fibred manifold 
S (|3.33j) is a fibre bundle in accordance with Theorem 17.21 Moreover, this fi- 
bre bundle is trivial because N is a disjoint union of two contractible manifolds. 
Consequently, it follows from Theorem l2.11l that the Kepler superintegrable sys- 
tem on U + is globally superintegrable, i.e., it admits global generalized action- 
angle coordinates as follows. 

The Poisson manifold N (|3 . 33[) can be endowed with the coordinates 

(i>i,A), I>0, A^O, 
defined by the equalities 

I = — (x 1 + x 2 — x 3 ) , 



1 



1/2 / i \ V2 



x 2 = I - x\j cosh A, x 3 = ^— - x\j sinhA. 

These coordinates are Darboux coordinates of the Lie - Poisson structure (|3.34p 
on N , namely, 

W -TX^ X - (3-36) 

Let be the Hamiltonian vector field of the Casimir function / (I3.28[) . 
By virtue of Proposition 12.41 its flows are invariant submanifolds of the Kepler 
superintegrable system on U + . Let r be a parameter along the flows of this 
vector field, i.e., 

J?/ = (3.37) 

Then U+ (|3.33p is provided with the generalized action-angle coordinates (I, X\, A, r) 
such that the Poisson bivector associated to the symplectic form f?T on U+ reads 

Accordingly, Hamiltonian vector fields of integrals of motion Si (|3.32[) take the 
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form 



1 f 1 aV^ • v. x 9 ^ 1 2 \ _1/2 • v. x d 

1 2 v /2 

27 coshA ^? 

Similarly to the angle coordinate a p. 301) . the generalized angle coordinate 
r (|3.37j) obeys the Hamilton equation 

dqi _ &H. dpi _ dV. 
dr dpi ' dr dqi ' 

Therefore, it is the time t — t given by the well-known expression 



t = s — a 3 / 2 e sin 



h(a~ 3/2 s), r = a(ecosh(a" 3/2 s) - 1), 
a = i e=(l + 2/M 2 ) 1 /2. 

4 Non-autonomous integrable systems 

The generalization of Liouville - Arnold and Mishchenko - Fomenko theorems 
to the case of non-compact invariant submanifolds (Theorems 12.51 and 12.71) en- 
ables one to analyze completely integrable and superintegrable non-autonomous 
Hamiltonian systems whose invariant submanifolds are necessarily non-compact 
[301 SH [76] . 

A non-autonomous classical mechanics is described on a configuration space 
Q which is a fibre bundle Q — > R over the time axis R. Its phase space is the 
vertical cotangent bundle V*Q of Q — ► R provided with the canonical Poisson 
structure (|4.24p . However, non-autonomous mechanics fails to be a familiar 
Poisson Hamiltonian system on V*Q. At the same time, it is equivalent to an 
autonomous Hamiltonian system on the cotangent bundle T*Q provided with 
the canonical symplectic form (|4.18p . 

This formulation of non-relativistic mechanics is similar to that of classi- 
cal field theory on fibre bundles over a base of dimension > 1 [28l [40j [73] . A 
difference between mechanics and field theory however lies in the fact that con- 
nections on bundles over R are flat, and they fail to be dynamic variables, but 
describe reference frames. 
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4.1 Geometry of fibre bundle over K 

This Section summarizes some peculiarities of fibre bundles over R. 
Let 

tt-.Q^R (4.1) 

be a fibred manifold whose base is treated as a time axis. Throughout the 
Lectures, the time axis R is parameterized by the Cartesian coordinate t with 
the transition functions t' = i+const. Relative to the Cartesian coordinate t, 
the time axis R is provided with the standard vector field dt and the standard 
one-form dt which also is the volume element on R. The symbol dt also stands 
for any pull-back of the standard one-form dt onto a fibre bundle over R. 

Remark 4.1: Point out one-to-one correspondence between the vector fields 
fdt, the densities fdt and the real functions / on R. Roughly speaking, we can 
neglect the contribution of TR and T*R to some expressions. □ 

In order that the dynamics of a mechanical system can be defined at any 
instant t G R, we further assume that a fibred manifold Q — > R is a fibre bundle 
with a typical fibre M. 

Remark 4.2: In accordance with Remark 17.51 a fibred manifold Q —> R is a 
fibre bundle iff it admits an Ehresmann connection T, i.e., the horizontal lift Tdt 
onto Q of the standard vector field dt on R is complete. By virtue of Theorem 
17. 31 any fibre bundle Q — >• R is trivial. Its different trivializations 

ip : Q = R X M (4.2) 

differ from each other in fibrations Q —> M. □ 

Given bundle coordinates (t, q 1 ) on the fibre bundle Q — » R (|4.ip . the first 
order jet manifold J X Q of Q — > R is provided with the adapted coordinates 
{t,q t ,q l t ) possessing transition functions (|7.49p which read 

q? = (d t + q $d 3 )q H . 

Note that, if Q = R X M coordinated by (t,<f), there is the canonical 
isomorphism 

J\R x M) = R x TM, tt=f, (4-3) 

that one can justify by inspection of the transition functions of the coordinates 
q l t and ~q when transition functions of q l are time-independent. Due to the iso- 
morphism (|4.3j) . every trivialization (|4. 2[) yields the corresponding trivialization 
of the jet manifold 

J X Q = Ix TM. (4.4) 
The canonical imbedding (|7.53p of J X Q takes the form 

A (1) : J X Q 3 (t, q\q\) ^{t,q\t= 1, q* = ql) g TQ, (4.5) 
=dt=d t + q l t d t , 
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where by dt is meant the total derivative. From now on, a jet manifold J X Q is 
identified with its image in TQ. 

In view of the morphism Am (|4. 5[) . any connection 

r = dt®(d t + r l d l ) (4.6) 

on a fibre bundle Q — > R can be identified with a nowhere vanishing horizontal 
vector field 

r = d t + T l d l (4.7) 

on Q which is the horizontal lift Tdt (I7.57|) of the standard vector field dt on 
K by means of the connection (|4.6p . Conversely, any vector field r on Q such 
that dt\ r = 1 defines a connection on Q — > R. Therefore, the connections (|4.6p 
further are identified with the vector fields (14.7[) . The integral curves of the 
vector field (|4.7[) coincide with the integral sections for the connection (|4.6[) . 

Connections on a fibre bundle Q — > R constitute an affine space modelled 
over the vector space of vertical vector fields on Q — > R. Accordingly, the 
covariant differential (|7.61|) . associated with a connection T on Q — > M, takes 
its values into the vertical tangent bundle VQ of Q — > R: 

D T :J 1 Q^VQ, q l oD T =q\-T l . (4.8) 
Q 

Its kernel, given by the coordinate equation 

(4.9) 

is a closed subbundle of the jet bundle J'Q 4 R. This is a first order dynamic 
differential equation on a fibre bundle Q — > R (4TJ [71] . 

A connection T on a fibre bundle Q — >• R is obviously flat. It yields a 
horizontal distribution on Q. The integral manifolds of this distribution are 
integral curves of the vector field (|4.7I) which are transversal to fibres of a fibre 
bundle Q -> R. 

Theorem 4.1: By virtue of Theorem 17.91 every connection T on a fibre bundle 
Q — > R defines an atlas of local constant trivializations of Q — > R such that 
the associated bundle coordinates (t, q l ) on Q possess the transition functions 
q l —> q n (q : ') independent of t, and 

r = d t (4.10) 

with respect to these coordinates. Conversely, every atlas of local constant 
trivializations of the fibre bundle Q — > R determines a connection on Q — > R 
which is equal to (14. 10|) relative to this atlas. □ 

A connection T on a fibre bundle Q — > R is said to be complete if the horizon- 
tal vector field (|4.7I) is complete. In accordance with Remark 17.51 a connection 
on a fibre bundle Q — > R is complete iff it is an Ehresmann connection. The 
following holds [5S] . 

Theorem 4.2: Every trivialization of a fibre bundle Q — > R yields a complete 
connection on this fibre bundle. Conversely, every complete connection T on 
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Q — » K defines its trivialization (|4.2I) such that the horizontal vector field (14. 7p 
equals 9t relative to the bundle coordinates associated with this trivialization. 
□ 



4.2 Non-autonomous Hamiltonian systems 

In non-autonomous mechanics on a configuration space Q — > R, the jet manifold 
J X Q plays a role of the velocity space. To describe non-autonomous mechanics, 
let us restrict our consideration to first order Lagrangian theory on a fibre bundle 
Q — >• R [3(2 HI] . A first order Lagrangian is defined as a density 

L = Celt, C : J l Q -> R, (4.11) 

on a velocity space J 1 ^. The corresponding second-order Lagrange operator 
reads 

5L = [diC - d t dlL)Q l A dt. (4.12) 
Let us further use the notation 

TTi = d\C, TTji = d\d\L. (4.13) 

The kernel Keri5L C J 2 Q of the Lagrange operator defines the second order 
Lagrange equation 

(fij - d t 8l)C = 0. (4.14) 

Its solutions are (local) sections c of the fibre bundle Q — > M whose second order 
jet prolongations c live in (|4.14l) . They obey the equations 

diCoc-j{<KiOc) = Q. (4.15) 

As was mentioned above, a phase space of non-relativistic mechanics on a 
configuration space Q — > R is the vertical cotangent bundle 

V*Q ^M, 

of Q R equipped with the holonomic coordinates (t, q % ,pi = qi) with respect 
to the fibre bases {dq 1 } for the bundle V*Q — >• Q. 

The cotangent bundle T*Q of the configuration space Q is endowed with the 
holonomic coordinates (t,q l ,po,pi), possessing the transition functions 

, dqi , f firf 



P ' 1 = 'dq TiPh P '° = V ° + ~dt P3 ) ' (4 ' 16) 
It admits the Liouville form 

E=p dt + p i dq i , (4.17) 

the symplectic form 

T = dZ = dp A dt + dpi A dq 1 , (4.18) 
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and the corresponding Poisson bracket 

{f,9}T = d P fd t g-d gd t f + d i fd i g-d i gd i f, f,g G C°°(T*Q). (4.19) 

Provided with the structures P~T51) - (gHU), the cotangent bundle T*Q ol Q 
plays a role of the homogeneous phase space of Hamiltonian non-relativistic 
mechanics. 

There is the canonical one-dimensional affine bundle 

C : T*Q -> V*Q. (4.20) 

A glance at the transformation law (|4.16l) shows that it is a trivial affine bundle. 
Indeed, given a global section h of C, one can equip T*Q with the global fibre 
coordinate 

I Q = p - K l oh = 0, (4.21) 
possessing the identity transition functions. With respect to the coordinates 

(t,q\I 0> Pi), i = l,...,m, (4.22) 

the fibration (|4.20p reads 

C : R x V*Q 3 (t,tf,I ,Pi) ->■ (t,q\ P <) G V*Q. (4.23) 

Let us consider the subring of C°°(T*Q) which comprises the pull-back (* f 
onto T*Q of functions / on the vertical cotangent bundle V*Q by the fibration ( 
(|4.20p . This subring is closed under the Poisson bracket (|4.19l) . Then by virtue 
of Theorem 11.31 there exists the degenerate coinduced Poisson structure 

{f,g}v = d l fd l9 - d'gdif, f,g G C°°(V*Q), (4.24) 

on a phase space V*Q such that 

C{f,g}v = {Cf,Cg} T - (4.25) 

The holonomic coordinates on V*Q are canonical for the Poisson structure 
(1424)1 . 

With respect to the Poisson bracket (|4.24[) , the Hamiltonian vector fields of 
functions on V*Q read 

#f - d l fd t ~ djd\ f G C°°(V*Q), (4.26) 
WtM = %,/'}.' ( 4 -27) 

They are vertical vector fields on V*Q — > R. Accordingly, the characteris- 
tic distribution of the Poisson structure (I4.24[) is the vertical tangent bundle 
VV*Q C TV*Q of a fibre bundle V*Q E. The corresponding symplectic 
foliation on the phase space V*Q coincides with the fibration V*Q — > K. 
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It is readily observed that the ring C(V*Q) of Casimir functions on a Poisson 
manifold V*Q consists of the pull-back onto V*Q of functions on R. Therefore, 
the Poisson algebra C°°(V*Q) is a Lie C°° (R)-algebra. 

Remark 4.3: The Poisson structure (I4.24[) can be introduced in a different 
way [SHI [H] ■ Given any section h of the fibre bundle (I4.20[) , let us consider the 
pull-back forms 

= h*(E A dt) = p l dq l A dt, 

£l = h* (dS A dt) = dp, A d<f A dt (4.28) 

on They are independent of the choice of h. With ft (|4.28l) . the Hamil- 

tonian vector field i9/ (|4.26j) for a function / on V*Q is given by the relation 

& f \Q = -dfAdt, 

while the Poisson bracket (|4.24|) is written as 

{f,g} v dt = B \#f\n. 

Moreover, one can show that a projectable vector field $ on V*Q such that 
$\ dt =const. is a canonical vector field for the Poisson structure (|4.24[) iff 

L^n = d(i?Jf2) = 0. (4.29) 

□ 

In contrast with autonomous Hamiltonian mechanics, the Poisson structure 
(|4.24[) fails to provide any dynamic equation on a fibre bundle V*Q — > R because 
Hamiltonian vector fields (14.261) of functions on V*Q are vertical vector fields, 
but not connections on V* Q —> R. Hamiltonian dynamics on V*Q is described 
as a particular Hamiltonian dynamics on fibre bundles [28, 40| [73]. 

A Hamiltonian on a phase space V*Q — > R of non-relativistic mechanics is 
defined as a global section 

h:V*Q->T*Q, P ooh = H{t,q3, Pj ), (4.30) 

of the affine bundle C P~20|) . Given the Liouville form S (|4~TT|) on T*Q, this 
section yields the pull-back Hamiltonian form 

H = (—h)*E = Pkdq k - Hdt (4.31) 

on V*Q. This is the well-known invariant of Poincare - Cartan [3]. 

It should be emphasized that, in contrast with a Hamiltonian in autonomous 
mechanics, the Hamiltonian T~L (|4.30[) is not a function on V*Q, but it obeys the 
transformation law 

H'(i, </>'*) = n(t,q\ Pl ) +p / l d t q H - (4.32) 
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Remark 4.4: Any connection V (I4.7P on a configuration bundle Q — » R 
defines the global section for = PiT 4 (|4.30|) of the affinc bundle £ (|4.20|) and the 
corresponding Hamiltonian form 

Hr = Pfcrf9 fe - n r dt = Pk dq k - Pi Y l dt. (4.33) 

Furthermore, given a connection T, any Hamiltonian form (|4.31|) admits the 
splitting 

H = H T - Srdt, (4.34) 

where 

£ v = U-Ut=U- p i Y i (4.35) 

is a function on It is called the Hamiltonian function relative to a reference 

frame T. With respect to the coordinates adapted to a reference frame T, we 
have £r = H. Given different reference frames Y and T', the decomposition 
(|4.34| leads at once to the relation 

£ v > =£r + n r - Hr> = £ r + {Y l - Y ,l ) Pl (4.36) 

between the Hamiltonian functions with respect to different reference frames. 
□ 

Given a Hamiltonian form H (|4.3ip , there exists a unique horizontal vector 
field ([4?f|> : 

lH = d t - 1 l d l - ll d\ 

on y*Q (i.e., a connection on y*Q — > M.) such that 

j H \dH = 0. (4.37) 

This vector field, called the Hamilton vector field, reads 

1h =d t + d k Hd k - d k HO k . (4.38) 

In a different way (Remark 14. 3|) , the Hamilton vector field jh is defined by the 
relation 

jH ]n = dH. 

Consequently, it is canonical for the Poisson structure {, }y (|4.24|) . This vector 
field yields the first order dynamic Hamilton equation 

Qt = d k H, (4.39) 
Ptk = -d k H (4.40) 

on V*Q — > M, where (t,q k ,p k ,q k ,pt k ) are the adapted coordinates on the first 
order jet manifold J^Q of V*Q -> K. 
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Due to the canonical imbedding J l V*Q -> TV*Q (|4.5p . the Hamilton equa- 
tion (|4.39l) - (|4.40l) is equivalent to the autonomous first order dynamic equation 

t = l, q l = d l H, V % = -dfli (4.41) 



on a manifold V*Q (Remark II .5[) . 

A solution of the Hamilton equation (|4.39|) - (|4.40|) is an integral section r 
for the connection jjj. 

We agree to call {V*Q, H) the Hamiltonian system of k = dim Q — 1 degrees 
of freedom. 

In order to describe evolution of a Hamiltonian system at any instant, the 
Hamilton vector field (|4.38l) is assumed to be complete, i.e., it is an Ehres- 
mann connection (Remark I4.2j) . In this case, the Hamilton equation (|4.39p - 
(|4.40p admits a unique global solution through each point of the phase space 
V*Q. By virtue of Theorem 14.21 there exists a trivialization of a fibre bundle 
V*Q ^> R (not necessarily compatible with its fibration V*Q —> Q) such that 

-f H = d t , H = p i dq i (4.42) 

with respect to the associated coordinates (t, q 1 ,Pi). A direct computation shows 
that the Hamilton vector field jh (|4.38[) satisfies the relation (|4.29j) and, con- 
sequently, it is an infinitesimal generator of a one-parameter group of automor- 
phisms of the Poisson manifold (V*Q, {, }v)- Then one can show that (i, q l ,Pi) 
are canonical coordinates for the Poisson manifold (V*Q, {, }v) [56], i.e., 

w __d_ A _d_ 
dpi dtf' 

Since H = 0, the Hamilton equation (|4.39p - (|4.40p in these coordinates takes 
the form 

tt = 0, p ti = 0, 

i.e., (t,q , ',p i ) are the initial data coordinates. 

As was mentioned above, one can associate to any Hamiltonian system on a 
phase space V*Q an equivalent autonomous symplectic Hamiltonian system on 
the cotangent bundle T*Q (Theorem [4~3| . 

Given a Hamiltonian system (V*Q, H), its Hamiltonian T~L (|4.30p defines the 
function 

H* = d t \ (S - C* (-h)*E)) =pa + h= PQ +H (4.43) 

on T*Q. Let us regard H* (|4.43p as a Hamiltonian of an autonomous Ha- 
miltonian system on the symplectic manifold (T*Q,£1t). The corresponding 
autonomous Hamilton equation on T*Q takes the form 

i = l, p = -d t H 1 q l ^d l n, p\ = -d{H. (4.44) 

Remark 4.5: Let us note that the splitting H* = pa + H (|4.43[) is ill defined. 
At the same time, any reference frame T yields the decomposition 

H* = (p +H r ) + (H-Hr) =H£ + £ r , (4.45) 
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where Hr is the Hamiltonian (|4.33[) and £r (I4.35[) is the Hamiltonian function 
relative to a reference frame L. □ 

The Hamiltonian vector field d H * of %* (EH3")) on T*Q is 

§ H , = d t - d t Hd° + d l Ud l - diUd\ (4.46) 

Written relative to the coordinates (|4.22[) . this vector field reads 

d H > =d t + d t Hd l - d{Hd\ (4.47) 

It is identically projected onto the Hamilton vector field jh (|4.38l) on V*Q such 
that 

C*(IW) = C*/}t, / G C°°(F*Q). (4.48) 

Therefore, the Hamilton equation (14.39[) - (14.401) is equivalent to the autonomous 
Hamilton equation (|4.44[) . 

Obviously, the Hamiltonian vector field (I4.47[) is complete if the Hamil- 
ton vector field 7# (|4.38p is complete. 

Thus, the following has been proved [T4l |4"TI 157] . 

Theorem 4.3: A Hamiltonian system (V*Q,H) of k degrees of freedom is 
equivalent to an autonomous Hamiltonian system (T*Q,T-l*) of k + 1 degrees of 
freedom on a symplectic manifold (T*Q, fix) whose Hamiltonian is the function 
H* gZ3). □ 

We agree to call (T*Q,W*) the homogeneous Hamiltonian system and T-L* 
(|4.43l) the homogeneous Hamiltonian. 

It is readily observed that the Hamiltonian form H (|4.3ip is the Poincare - 
Cartan form of the Lagrangian 

L H = h (H) = ( Pi qi - U)dt (4.49) 

on the jet manifold ^V*Q of V*Q -> K gDJ [Ml UM ■ 

The Lagrange operator (14. 12)) associated to the Lagrangian Lh reads 

£ H = SL H = [{q\ - d l H)d Pl - (p ti + d l H)dq l ] A dt. (4.50) 

The corresponding Lagrange equation (|4.14l) is of first order, and it coincides 
with the Hamilton equation P"39")l - flUQ} on J 1 V*Q. 

Due to this fact, the Lagrangian Lh (|4.49[) plays a prominent role in Hamil- 
tonian non-relativistic mechanics. 

In particular, let 

u = u t d t +u t d l , u* = 0, 1, 

be a projectable vector field on a configuration space Q. Its functorial lift (|7.22[) 
onto the cotangent bundle T*Q is 

u = u% + u i d i -pjd i v, j d i . (4.51) 
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This vector field is identically projected onto a vector field, also given by the 
expression (|4.51|) , on the phase space V*Q as & base of the trivial fibre bundle 
(|4.20[) . Then we have the equality 

L S H = LjiuL H = {~u t d t n+p l d t u i - u i d i H+p i d j u i d j H)dt. (4.52) 

This equality enables us to study conservation laws in Hamiltonian mechanics 
similarly to those in Lagrangian mechanics. 

Let an equation of motion of a mechanical system on a fibre bundle Y — > R 
be described by an r-order differential equation € given by a closed subbundle 
of the jet bundle J r Y -> R gOJ [73]. 

Definition 4.4: An integral of motion of this mechanical system is defined as 
a [k < r)-order differential operator $ on Y such that £ belongs to the kernel 
of an r-order jet prolongation of the differential operator dt$>, i.e., 

J T - k - 1 (d t $)\e = J r - fe $|(s = 0. (4.53) 

□ 

It follows that an integral of motion 4> is constant on solutions s of a differ- 
ential equation €, i.e., there is the differential conservation law 

(J fc s)*$ = const., (J fe+1 s)*d t $ = 0. (4.54) 

We agree to write the condition (|4.53p as the weak equality 

J r - fc - 1 (d t $) « 0, (4.55) 

which holds on-shell, i.e., on solutions of a differential equation l£ by the formula 
631. 

In non-relativistic mechanics, we can restrict our consideration to integrals 
of motion $ which are functions on J k Y. As was mentioned above, equations 
of motion of non-relativistic mechanics mainly are of first or second order. Ac- 
cordingly, their integrals of motion are functions on Y or J k Y. In this case, the 
corresponding weak equality (|4.53[) takes the form 

d t <f> ~ (4.56) 

of a weak conservation law or, simply, a conservation law. 

Different integrals of motion need not be independent. Let integrals of mo- 
tion $i, . . . , $ m of a mechanical system on Y be functions on J k Y. They are 
called independent if 

d$i A • • • A d$ m ^ (4.57) 

everywhere on J k Y. In this case, any motion J k s of this mechanical system lies 
in the common level surfaces of functions $i, . . . , $ m which bring J k Y into a 
fibred manifold. 
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Integrals of motion can come from symmetries. This is the case of Lagrangian 
and Hamiltonian mechanics. 

Definition 4.5: Let an equation of motion of a mechanical system be an r- 
order differential equation 2; C J r Y. Its infinitesimal symmetry (or, simply, a 
symmetry) is defined as a vector field on J r Y whose restriction to € is tangent 
to <£. □ 

For instance, let us consider first order dynamic equations. 

Proposition 4.6: Let £ be the autonomous first order dynamic equation (|1.24[) 
given by a vector field u on a manifold Z . A vector field $ on Z is its symmetry 
iff [u, tf] « 0. □ 

One can show that a smooth real function F on a manifold Z is an integral of 
motion of the autonomous first order dynamic equation (|1.24[) (i.e., it is constant 
on solutions of this equation) iff its Lie derivative along u vanishes: 

L U F = u x d x ^ = 0. (4.58) 

Proposition 4.7: Let £ be the first order dynamic equation (|4.9[) given by a 
connection T (|4.7[) on a fibre bundle Y — >• M. Then a vector field $ on Y is its 
symmetry iff [T,<d] w 0. □ 

A smooth real function $ on Y is an integral of motion of the first order 
dynamic equation (|4.9p in accordance with the equality (|4.56[) iff 

L r $ = (d t +r*0i)* = 0. (4.59) 

Following Definition 14.51 let us introduce the notion of a symmetry of dif- 
ferential operators in the following relevant case. Let us consider an r-order 
differential operator on a fibre bundle Y — > R which is represented by an exte- 
rior form £ on J r Y . Let its kernel Kerf be an r-order differential equation on 
Y -> K. 

Proposition 4.8: It is readily justified that a vector field $ on J r Y is a 
symmetry of the equation Ker £ in accordance with Definition 14.51 iff 

L#£ w 0. (4.60) 

□ 

Motivated by Proposition 14.81 we come to the following. 

Definition 4.9: Let £ be the above mentioned differential operator. A vector 
field 1? on J r Y is called a symmetry of a differential operator £ if the Lie 
derivative vanishes. □ 

By virtue of Proposition 14.81 a symmetry of a differential operator £ also is 
a symmetry of the differential equation Ker£. 
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4.3 Non-autonomous integrable systems 

Let us consider a non-autonomous mechanical system on a configuration space 
Q — > K in Section 4.2. Its phase space is the vertical cotangent bundle V*Q — > Q 
of Q — > E endowed with the Poisson structure {, }y (|4.24[) .A Hamiltonian of a 
non-autonomous mechanical system is a section h (|4.30p of the one-dimensional 
fibre bundle (14^20)) - (j4~23]) : 

(:T*Q^V*Q, (4.61) 

where T*Q is the cotangent bundle of Q endowed with the canonical symplcctic 
form f^T (|4.18p . The Hamiltonian h (|4.30[) yields the pull-back Hamiltonian 
form H (jOTj) on V*Q and defines the Hamilton vector field -y H P^S]) on V*Q. 
A smooth real function F on V*Q is an integral of motion of a Hamiltonian 
system (V*Q,H) if its Lie derivative L 7JJ _F vanishes. 

Definition 4.10: A non-autonomous Hamiltonian system (V*Q,H) of n = 
dim Q — 1 degrees of freedom is called superintegrable if it admits n < k < 2n 
integrals of motion $i, . . . , obeying the following conditions. 

(i) All the functions $ Q are independent, i.e., the fc-form A • • • A 
nowhere vanishes on V*Q. It follows that the map 

$ : y*Q -> AT = ($i(V*Q), . . • , $fc(^*Q)) C M fe (4.62) 

is a fibred manifold over a connected open subset iV C 

(ii) There exist smooth real functions s a p on N such that 

{$ Q ,$/3}y = s Q/3 o $, a,/3 = l,...,fc. (4.63) 

(iii) The matrix function with the entries s Qi g (|4.63|) is of constant corank 
m = 2n — k at all points of N. □ 

In order to describe this non-autonomous superintegrable Hamiltonian sys- 
tem, we use the fact that there exists an equivalent autonomous Hamilto- 
nian system (T*Q,H*) of n + 1 degrees of freedom on a symplectic manifold 
(T*Q, Q T ) whose Hamiltonian is the function H* (|4~43f (Theorem S3]), and 
that this Hamiltonian system is superintegrable fTheorem I4.15j) . Our goal is 
the following. 

Theorem 4.11: Let Hamiltonian vector fields of the functions $ a be complete, 
and let fibres of the fibred manifold $ (I4.62[) be connected and mutually diffeo- 
morphic. Then there exists an open neighborhood Um of a fibre M of $ (|4.62|) 
which is a trivial principal bundle with the structure group 

whose bundle coordinates are the generalized action-angle coordinates 

(p A ,q A ,I x ,t,y x ), A=l,...,k-n, A=l,...,m, (4.65) 
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such that: 

(i) (t,y x ) are coordinates on the toroidal cylinder (I4.64p , 

(ii) the Poisson bracket {,}v on Um reads 

{/, g}v = d A fd A g - d A gd A f + d x fd x g - d x gd x f, 

(iii) a Hamiltonian % depends only on the action coordinates I\, 

(iv) the integrals of motion $1, . . . $^ are independent of coordinates (t, y x ). 

□ 

Let us start with the case k = n of a completely integrable non-autonomous 
Hamiltonian system (Theorem 14. 14p . 

Definition 4.12: A non-autonomous Hamiltonian system (V*Q,H) of n de- 
grees of freedom is said to be completely integrable if it admits n independent 
integrals of motion Fi, . . . , F n which are in involution with respect to the Poisson 
bracket (j4~24"f . □ 

By virtue of the relations (|4.27|) , the vector fields 

(7h,^, ■ • • ,#F n ), #F a = &F a dt - d t F a d\ (4.66) 

mutually commute and, therefore, they span an (n + l)-dimensional involutive 
distribution V on V*Q. Let G be the group of local diffeomorphisms of V*Q 
generated by the flows of vector fields ()4.66j) . Maximal integral manifolds of 
V are the orbits of G and invariant submanifolds of vector fields (|4.66|) . They 
yield a foliation T of V*Q. 

Let (V*Q,H) be a non-autonomous Hamiltonian system and (T*Q,H*) 
an equivalent autonomous Hamiltonian system on T*Q. An immediate con- 
sequence of the relations (|4.25p and (|4.48l) is the following. 

Theorem 4.13: Given a non- autonomous completely integrable Hamiltonian 
system 

^ H ,F u ...,F n ) (4.67) 
of n degrees of freedom on V*Q, the associated autonomous Hamiltonian system 

(H;CF 1 ,...,CF n ) (4.68) 

of n + 1 degrees of freedom on T*Q is completely integrable. □ 
The Hamiltonian vector fields 

(un*,U£* Fl , . . . ,u ( . Fm ), u CFa = d l F a di- dtFad 1 , (4.69) 

of the autonomous integrals of motion (|4.68[) span an (n + l)-dimensional invo- 
lutive distribution Vt on T*Q such that 

TC(V T ) - V, Th{V) - Vt| M v.o)=/ =o, ( 4 - 7 °) 
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where 



Th:TV*Q3 {t,q\PiAq\Pi) -> 

{t,q\p h h = O,i ) q i ) pi,i = 0) e TT*Q. 

It follows that, if M is an invariant submanifold of the non- autonomous com- 
pletely integrable Hamiltonian system (|4.67p . then h(M) is an invariant sub- 
manifold of the autonomous completely integrable Hamiltonian system (I4.68|) . 

In order do introduce generalized action-angle coordinates around an invari- 
ant submanifold M of the non-autonomous completely integrable Hamiltonian 
system (14.67[) . let us suppose that the vector fields (|4.66[) on M are complete. It 
follows that M is a locally affine manifold diffeomorphic to a toroidal cylinder 

Moreover, let assume that there exists an open neighborhood Um of M such 
that the foliation T of Um is a fibred manifold <f> : Um — > N over a domain 
N C R" whose fibres are mutually diffeomorphic. 

Because the morphism Th (|4.70p is a bundle isomorphism, the Hamiltonian 
vector fields (|4.69l) on the invariant submanifold h(M) of the autonomous com- 
pletely integrable Hamiltonian system are complete. Since the affine bundle £ 
(|4.6ip is trivial, the open neighborhood C~ 1 (Um) of the invariant submanifold 
h(M) is a fibred manifold 

4> : C^Um) =RxU m (W A 0) R x N = N' 

over a domain N' C R™ +1 whose fibres are diffeomorphic to the toroidal cylinder 
(|4.7ip . In accordance with Theorem 12.71 the open neighborhood (~ 1 (Um) of 
h(M) is a trivial principal bundle 

C l {U M ) = N' x (M 1+ "- r x T r ) -> N' (4.72) 

with the structure group (|4.71[) whose bundle coordinates are the generalized 
action-angle coordinates 

(I ,I u ...,I n ,t,z\...,z n ) (4.73) 

such that: 

(i) (t, z a ) are coordinates on the toroidal cylinder (|4.7ip . 

(ii) the symplectic form Ht on (~ 1 (U) reads 

fl T = dl A dt + dl a A dz a , 

(in) H* = I , 

(iv) the integrals of motion C*Fi, . . . , £*F n depend only on the action coor- 
dinates I\ , . . . , I n . 

Provided with the coordinates (|4.73[) . 

C 1 (U M ) = U M xM 
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is a trivial bundle possessing the fibre coordinate Iq (|4.21[) . Consequently, the 
non- autonomous open neighborhood Um of an invariant submanifold M of the 
completely integrable Hamiltonian system (|4.66[) is diffeomorphic to the Poisson 
annulus 

U M = N x (M 1+ "- r x T r ) (4.74) 
endowed with the generalized action-angle coordinates 

(h,...,I n ,t,z\...,z n ) (4.75) 

such that: 

(i) the Poisson structure (|4.24l) on Um takes the form 

{f,g}v = d a fd a g-d a gd a f, 

(ii) the Hamiltonian (I4.30[) reads H = 0, 

(iii) the integrals of motion F\ , . . . , F n depend only on the action coordinates 
I \ , . . . , I n . 

The Hamilton equation (|4.39p - (|4.40p relative to the generalized action- 
angle coordinates (|4.75[) takes the form 

Z a t = 0, I ta = 0. 

It follows that the generalized action-angle coordinates (14.75[) are the initial date 
coordinates. 

Note that the generalized action-angle coordinates ()4.75|) by no means are 
unique. Given a smooth function H' on R™, one can provide ( > ~ 1 {Um) with the 
generalized action-angle coordinates 

t, z' a = z a - td a W ', I' = I +H'(h), l' a = I a - (4.76) 

With respect to these coordinates, a Hamiltonian of the autonomous Hamil- 
tonian system on ( > ~ 1 (Um) reads W* = Iq — %' . A Hamiltonian of the non- 
autonomous Hamiltonian system on U endowed with the generalized action- 
angle coordinates (I a ,t,z' a ) is V! . 

Thus, the following has been proved. 

Theorem 4.14: Let (jh , -Pi, ■ ■ ■ , F n ) be a non-autonomous completely inte- 
grable Hamiltonian system. Let M be its invariant submanifold such that the 
vector fields (|4. 66(1 on M are complete and that there exists an open neighbor- 
hood Um of M which is a fibred manifold in mutually diffeomorphic invariant 
submanifolds. Then Um is diffeomorphic to the Poisson annulus (|4.74[) . and it 
can be provided with the generalized action-angle coordinates (|4.75|) such that 
the integrals of motion (_Fi, . . . , F n ) and the Hamiltonian % depend only on the 
action coordinates 1\ . □ 

Let now (jh, ^i, ■ ■ ■ , ^fe) be a non-autonomous superintegrable Hamiltonian 
system in accordance with Definition 14. 101 The associated autonomous Hamil- 
tonian system on T*Q possesses k + 1 integrals of motion 

(W*,C**i,...,C**fc) (4-77) 
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with the following properties. 

(i) The functions (|4.77l) are mutually independent, and the map 
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$ : T*Q -> (H*(T*Q), C*$i(T*Q), . . . , C*$ fc (T*Q)) = (4.78) 
(I ,$ 1 (V*Q),...,$ k (V*Q)) = RxN = N' 

is a fibred manifold. 

(ii) The functions (|4.77p obey the relations 

{C*a,C*p} = '*P o C*$, {%*, e$ a } = S 0a = 

so that the matrix function with the entries (so a ,s a p) on N' is of constant 
corank 2n + 1 — fc. 

Refereing to Definition 12.11 of an autonomous superintegrable system, we 
come to the following. 

Theorem 4.15: Given a non- autonomous superintegrable Hamiltonian system 
(lH,®a) on V*Q, the associated autonomous Hamiltonian system (|4.77l) on 
T*Q is superintegrable. □ 

There is the commutative diagram 

T*Q V*Q 

5 

AT' -^-> N 

where £ (|4.6ip and 

N' = Rx N ^ N 

are trivial bundles. It follows that the fibred manifold (|4.78[) is the pull-back 
$ = of the fibred manifold $ P~l)2l onto TV'. 

Let the conditions of Theorem 1 2 . 5 1 hold. If the Hamiltonian vector fields 

of integrals of motion $ Q on V*Q are complete, the Hamiltonian vector fields 

(u-H-jUf**!, . . . ,u c .$ fc ), "e*« = d l $ a di- di$ a d l , 

on T*Q are complete. If fibres of the fibred manifold $ (|4.62p are connected 
and mutually diffeomorphic, the fibres of the fibred manifold $ (|4.78p also are 
well. 

Let M be a fibre of $ (|3~52"|) and fr(M) the corresponding fibre of $ (|¥T75|) . 
In accordance Theorem 12.51 there exists an open neighborhood U' of h(M) 
which is a trivial principal bundle with the structure group (|4.64p whose bundle 
coordinates are the generalized action-angle coordinates 

(I ,I x ,t,y x ,p A ,q A ), A = l,...,n-m, A = !,...,&, (4.79) 
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such that: 

(i) (t,y x ) are coordinates on the toroidal cylinder (|4.64|) . 

(ii) the symplectic form il-r on U' reads 

n T = dl hdt + dl a A dy a + dp A A dq A , 

(iii) the action coordinates (Jo, la) are expressed in the values of the Casimir 
functions Co = Jq, C a of the coinduced Poisson structure 

w = d A A d A 

on 2V', 

(iv) a homogeneous Hamiltonian "H* depends on the action coordinates, 
namely, H* = Iq, 

(iv) the integrals of motion C*^i> ■ • ■ (*®k are independent of the coordinates 

(t,y x ). 

Provided with the generalized action-angle coordinates (|4.79p . the above 
mentioned neighborhood U' is a trivial bundle U' = K x Um where Um = C(U') 
is an open neighborhood of the fibre M of the fibre bundle $ ()4.62|) . As a result, 
we come to Theorem 14. Ill 

5 Quantum superintegrable systems 

To quantize classical Hamiltonian systems, one usually follows canonical quan- 
tization which replaces the Poisson bracket {/,/'} of smooth functions with 
the bracket [/, /'] of Hcrmitian operators in a Hilbert space such that Dirac's 
condition 

[/,?] = -*{/>/'} (5-1) 

holds. Canonical quantization of Hamiltonian non-relativistic mechanics on a 
configuration space Q —> K is geometric quantization [311 [37l [41] . In the case 
of integrable Hamiltonian systems, there is a reason that, since a Hamiltonian 
of an integrable system depends only on action variables (Proposition I2.13[) , it 
seems natural to provide the Schrodinger representation of action variables by 
first order differential operators on functions of angle coordinates 

For the sake of simplicity, symplectic and Poisson manifolds throughout 
this Section are assumed to be simple connected (see Remark [53]) . Geometric 
quantization of toroidal cylinders possessing a non-trivial first homotopy group 
is considered in Section 6.4. 

5.1 Geometric quantization of symplectic manifolds 

We start with the basic geometric quantization of symplectic manifolds [TH1 [23 
211 [75]. It falls into the following three steps: prequantization, polarization and 
metaplectic correction. 
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Let (Z, J7) be a 2m-dimensional simply connected symplectic manifold. Let 
C — » Z be a complex line bundle whose typical fibre is C. It is coordinated by 
(z A ,c) where c is a complex coordinate. 

Proposition 5.1: By virtue of the well-known theorems [151 [S^, the structure 
group of a complex line bundle C — > Z is reducible to U(l) such that: 

• given a bundle atlas of C — > Z with [/(l)-valued transition functions and 
associated bundle coordinates (z A ,c), there exists a Hermitian fibre metric 

g(c,c)=cc (5.2) 

in C; 

• for any Hermitian fibre metric g in C —¥ Z, there exists a bundle atlas of 
C — > Z with [/(l)-valued transition functions such that g takes the form (|5.2I) 
with respect to the associated bundle coordinates. □ 

Let K. be a linear connection on a fibre bundles C — > Z. It reads 

/C = dz A <g> (d x +/C A c<9 c ), (5.3) 

where K,\ are local complex functions on Z . The corresponding covariant dif- 
ferential D K (fTpTt takes the form 

D K = (c A - JC x c)dz x ® d c . (5.4) 

The curvature two-form (|7.66[) of the connection K (|5-3[) reads 

R = \(dvfc» - d^JC^cdz" A dz^ ® <9 C . (5.5) 



Proposition 5.2: A connection A on a complex line bundle C -> Z is a 
principal connection iff there exists an A-invariant Hermitian fibre metric <jf in 
C, i.e., 

d H (g(c, c)) = 3 (I? A c, c) + , 9 (c, i^ A c). 

With respect to the bundle coordinates (z A , c) in Proposition l5.11 this connection 
reads 

A = dz x ® (dx + iAxcd c ), (5.6) 

where Ax are local real functions on Z. □ 

The curvature R (|5.5[) of the [/(l)-principal connection A (|5.6p defines the 
first Chern characteristic form 

ci(A) = —[d^ - d^A„)cdz» A dz^ (5.7) 

47T 

i? = -2irici (g> uc, (5.8) 

where 

u c = cd c (5.9) 
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is the Liouville vector field (|7.23l) on C. The Chern form (|5.7[) is closed, but it 
need not be exact because A^dz^ is not a one- form on Z in general. 

Definition 5.3: A complex line bundle C — > Z over a symplectic manifold 
(Z, fi) is called a prequantization bundle if a form (27r) _1 J7 on Z belongs to the 
first Chern characteristic class of C. □ 

A prequantization bundle, by definition, admits a J7(l)-principal connection 
A, called an admissible connection, whose curvature R (|5.5[) obeys the relation 

R= -iQ ®ti C , (5.10) 

called the admissible condition. 

Remark 5.1: Let A be the admissible connection (|5.6p and B = B^dz^ a 
closed one- form on Z. Then 

A' = A + icB ® d c (5.11) 

also is an admissible connection. Since a manifold Z is assumed to be simply 
connected, a closed one-form B is exact. In this case, connections A and A' 
(|5.11[) are gauge conjugate [55] . □ 

Given an admissible connection A, one can assign to each function / G 
C°° (Z) the C-valued first order differential operator / on a fibre bundle C — > Z 
in accordance with Kostant - Souriau formula 

/ = -itf/Ji?^ - /uo = (ca - tA x c) + fc]d c , (5.12) 

where D A is the covariant differential (|5.4|) and t9/ is the Hamiltonian vector 
field of /. It is easily justified that the operators (|5.12[) obey Dirac's condition 
(|5.ip for all elements / of the Poisson algebra C°°(Z). 

The Kostant - Souriau formula (j5 . 12[) is called the prequantization because, 
in order to obtain Hermitian operators / (|5.12p acting on a Hilbert space, one 
should restrict both a class of functions / g C°°(Z) and a class of sections of 
C — > Z in consideration as follows. 

Given a symplectic manifold (Z, 17), by its polarization is meant a maximal 
involutive distribution T C TZ such that 

n(i?,v) = o, i),ueT z , zez. 

This term also stands for the algebra 7n of sections of the distribution T. We 
denote by Af the subalgebra of the Poisson algebra C°°(Z) which consists of 
the functions / such that 

[4f,Tn]cT n . 

It is called the quantum algebra of a symplectic manifold (Z, f2). Elements of 
this algebra only are quantized. 
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In order to obtain the carrier space of the algebra At, let us assume that 
Z is oriented and that its cohomology H 2 (Z;Z 2 ) with coefficients in the con- 
stant sheaf Z2 vanishes. In this case, one can consider the metalinear complex 
line bundle V 1 i 2 [Z] —> Z characterized by a bundle atlas {(U; z x ,r)} with the 



V 

transition functions 



Jr, JJ 



det 



dz^ 
dz 7 " 



(5.13) 



Global sections p of this bundle are called the half-densities on Z [TBJ SI] ■ Note 
that the metalinear bundle T> 1 / 2 [Z] —> Z admits the canonical lift of any vector 
field u on Z such that the corresponding Lie derivative of its sections reads 

L„ = u x d x + ^d x u x . (5.14) 

Given an admissible connection A, the prequantization formula (|5. 12|) is 
extended to sections s <£> p of the fibre bundle 



C®D 1/2 [ZUZ (5.15) 
z 



as follows: 



f(s ®p) = (-iV# f - f)(s <g>p) = (fs) <g> p + s <g) L# f p, (5.16) 
V^ f (s ® p) = (V$ s) ® p + s <g> L tf/J o, 

where L^.p is the Lie derivative (|5 . 14[) acting on half-densities. This extension 
is said to be the metaplectic correction, and the tensor product (|5.15[) is called 
the quantization bundle. One can think of its sections g as being C-valued half- 
forms. It is readily observed that the operators f|5 . 16[) obey Dirac's condition 
(|5.ip . Let us denote by (£z a complex vector space of sections g of the fibre 
bundle C ® T>i/ 2 [Z] — > Z of compact support such that 

\7 v g = 0, veTn, (5.17) 
W v g = V„(s <g> p) = (V^s) <Z>p + s<Z> L v p. 



Lemma 5.4: For any function / g At and an arbitrary section g £ <Bz, the 
relation fg £ £z holds. □ 

Thus, we have a representation of the quantum algebra At in the space £z- 
Therefore, by quantization of a function / £ At is meant the restriction of the 
operator / (|5. 16|) to €z. 

Let 3 be an A-invariant Hermitian fibre metric in C — >■ Z in accordance with 
Proposition 15.21 If 7^ 0, the Hermitian form 

(si ® pi|s 2 ® P2) = J g(s 1: s 2 )pip 2 (5.18) 
'z 
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brings <£z into a pre-Hilbert space. Its completion €z is called a quantum 
Hilbert space, and the operators / (|5.16l) in this Hilbert space are Hermitian. 

In particular, let us consider the standard geometric quantization of a cotan- 
gent bundle [TBI |371 SU [75] . 

Let M be an m-dimensional simply connected smooth manifold coordinated 
by (q l ). Its cotangent bundle T*M is simply connected. It is provided with the 
canonical symplectic form fix (|l-3[) written with respect to holonomic coordi- 
nates (q l ,Pi = <ji) on T*M. Let us consider the trivial complex line bundle 

C = T*M xC->T*M. (5.19) 

The canonical symplectic form (ll.3[) on T*M is exact, i.e., it has the same zero 
de Rham cohomology class as the first Chern class of the trivial [/(l)-bundle C 
(|5.19p . Therefore, C is a prequantization bundle in accordance with Definition 
1531 

Coordinated by (q l ,pi,c), this bundle is provided with the admissible con- 
nection (|5.6[) : 

A = dpj (g> d j + dq j (g> (dj - ipjcd c ) (5.20) 

such that the condition (|5.10l) is satisfied. The corresponding A-invariant fibre 
metric in C is given by the expression (|5.2[) . The covariant derivative of sections 
s of the prequantization bundle C Q5.19|) relative to the connection A (|5.20p 
along the vector field u = u^dj + Ujd^ on T*M reads 

V u s = u J (dj + ipj)s + Ujd^s. (5-21) 

Given a function / € C°°(T*M) and its Hamiltonian vector field 

d f =d i fd i -d i fd i , 

the covariant derivative (|5.21[) along is 

V* f s = d i f(d i + ip i )s-d i fd i s. 

With the connection A (|5.20[) , the prequantization (I5.12j) of elements / of the 
Poisson algebra C°°(T*M) takes the form 

./• -id j f(dj + %Pi) + idjfd* - f. (5.22) 

Let us note that, since the complex line bundle (|5.19[) is trivial, its sections 
are simply smooth complex functions onT'M. Then the prequantum operators 
(1 5 . 2 2 [) can be written in the form 

f = -tU f + (-L v f-f), (5.23) 

where v = p-jd 3 is the Liouville vector field (|7?2"3|) on T*M M. 

It is readily observed that the vertical tangent bundle VT*M of the cotan- 
gent bundle T*M — > M provides a polarization of T*M. Certainly, it is not 
a unique polarization of T*M. We call VT*M the vertical polarization. The 
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corresponding quantum algebra At C C°°(T*M) consists of affine functions of 
momenta 

f = a i (qi)p i + b(qj) (5.24) 
on T*M . Their Hamiltonian vector fields read 

d f = a l dt - (pjdia j + d l b)d l . (5.25) 

We call At the quantum algebra of a cotangent bundle. 

Since the Jacobain of holonomic coordinate transformations of the cotangent 
bundle T*M equals 1, the geometric quantization of T*M need no metaplec- 
tic correction. Consequently, the quantum algebra At of the affine functions 
(|5.24p acts on the subspace £t* m C C°° (T*M) of complex functions of compact 
support on T*M which obey the condition (15. 17|) : 

\7 v s = Vid l s = 0, 7n 9 v = Vid\ 

A glance at this equality shows that elements of <Et*m are independent of mo- 
menta pi, i.e., they are the pull-back of complex functions on M with respect to 
the fibration T*M — > M. These functions fail to be of compact support, unless 
s = 0. Consequently, the carrier space £t*m of the quantum algebra At is 
reduced to zero. One can overcome this difficulty as follows. 

Given the canonical zero section 0(M) of the cotangent bundle T*M — > M, 

let 

C M =0(M)*C (5.26) 

be the pull-back of the complex line bundle C (j5.19[) over M. It is a trivial 
complex line bundle Cm = M X C provided with the pull-back Hcrmitian fibre 
metric g(c, d) — cc' and the pull-back (|7.60|) : 

A M = 0(M)*A = dq j ® (dj ~ ipjcd c ) 

of the connection A (|5.20| on C. Sections of Cm are smooth complex functions 
on M. One can consider a representation of the quantum algebra At of the affine 
functions (|5.24p in the space of complex functions on M by the prequantum 
operators (|5.22[) : 

f = —ia J dj — b. 

However, this representation need a metaplectic correction. 

Let us assume that M is oriented and that its cohomology H 2 (M; 1<z) with 
coefficients in the constant sheaf Z2 vanishes. Let T>i/ 2 [M] be the metalinear 
complex line over M. Since the complex line bundle Cm (I5.26| is trivial, the 
quantization bundle (I5.15|) : 

C M <8 ©1/2 [M] ->M (5.27) 

M 

is isomorphic to T> 1 / 2 [M]. 
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Because the Hamiltonian vector fields (15.25)) of functions / (|5.24l) project 
onto vector fields aPdj on M and L v f — f = —b in the formula (|5.23[) is a 
function on M, one can assign to each element / of the quantum algebra At 
the following first order differential operator in the space T> 1 i 2 (M) of complex 
half-densities p on M: 

fp = {-ihajg. - b)p = {-irfdj - -djci 1 - b)p, (5.28) 

where L a jg. is the Lie derivative ()5.14p of half-densities. A glance at the ex- 
pression (|5.28p shows that it is the Schrodinger representation of the quantum 
algebra At of the affine functions (|5.24l) . We call / (|5.28|) the Schrodinger 
operators. 

Let <Bm C T>i/2(M) be a space of complex half-densities p of compact sup- 
port on M and <Em the completion of (£m with respect to the non-degenerate 
Hermitian form 




(5.29) 



Q 



The (unbounded) Schrodinger operators f|5 . 28[) in the domain <Bm of the Hilbert 
space (£m are Hermitian. 



5.2 Leafwise geometric quantization 

Developed for symplectic manifolds [THl [75] , the geometric quantization tech- 
nique has been generalized to Poisson manifolds in terms of contravariant con- 
nections 83 , 84 . Though there is one-to-one correspondence between the Pois- 
son structures on a smooth manifold and its symplectic foliations, geometric 
quantization of a Poisson manifold need not imply quantization of its symplec- 
tic leaves [5T1I55] . 

• Firstly, contravariant connections fail to admit the pull-back operation. 
Therefore, prequantization of a Poisson manifold does not determine straight- 
forwardly prequantization of its symplectic leaves. 

• Secondly, polarization of a Poisson manifold is defined in terms of sheaves 
of functions, and it need not be associated to any distribution. As a consequence, 
its pull-back onto a leaf is not polarization of a symplectic manifold in general. 

• Thirdly, a quantum algebra of a Poisson manifold contains the center 
of a Poisson algebra. However, there are models where quantization of this 
center has no physical meaning. For instance, a center of the Poisson algebra 
of a mechanical system with classical parameters consists of functions of these 
parameters. 

Geometric quantization of symplectic foliations disposes of these problems. 
A quantum algebra Ajr of a symplectic foliation J- also is a quantum algebra 
of the associated Poisson manifold such that its restriction to each symplectic 
leaf F is a quantum algebra of F. Thus, geometric quantization of a symplectic 
foliation provides leafwise quantization of a Poisson manifold [3H (37J 2JJ . 
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Geometric quantization of a symplectic foliation is phrased in terms of leaf- 
wise connections on a foliated manifold (see Definition 15.51 below) . Any leafwisc 
connection on a complex line bundle over a Poisson manifold is proved to come 
from a connection on this bundle (Theorem 15. 7[) . Using this fact, one can state 
the equivalence of prequantization of a Poisson manifold to prequantization of 
its symplectic foliation [41] , which also yields prequantization of each symplectic 
leaf (Proposition 15.10")) . We show that polarization of a symplectic foliation is 
associated to particular polarization of a Poisson manifold (Proposition 15. 11]) , 
and its restriction to any symplectic leaf is polarization of this leaf (Proposition 
I5.12[) . Therefore, a quantum algebra of a symplectic foliation is both a quantum 
algebra of a Poisson manifold and, restricted to each symplectic leaf, a quantum 
algebra of this leaf. 

We define metaplectic correction of a symplectic foliation so that its quan- 
tum algebra is represented by Hermitian operators in the pre-Hilbert module of 
leafwise half-forms, integrable over the leaves of this foliation. 

Let (Z, {, }) be a Poisson manifold and (J~, fljr) its symplectic foliation such 
that {, } = {, }jr (see l|1.12p ). Let leaves of T be simply connected. 

Prequantization of a symplectic foliation ( J-, f2 jr) provides a representation 

/->/, [f,T] = -i{fJ r }^ (5.30) 

of the Poisson algebra (C°°(Z), {, }jf) by first order differential operators on 
sections s of some complex line bundle C — > Z, called the prequantization 
bundle. These operators are given by the Kostant - Souriau prequantization 
formula 

f = -%V% f a + efa, d f = n* F (df) 1 e^O, (5.31) 

where is an admissible leafwise connection on C — > Z such that its curvature 
form R (|5.39[) obeys the admissible condition 

R = isVtjr <g) uc, (5.32) 

where uq is the Liouville vector field (I5.9[) on C . 

Using the above mentioned fact that any leafwise connection comes from a 
connection, we show that prequantization of a symplectic foliation yields pre- 
quantization of its symplectic leaves. 

Remark 5.2: If Z is a symplectic manifold whose symplectic foliation is 
reduced to Z itself, the formulas f|5.31[) - f|5.32[) . e = — 1, of leafwise prequan- 
tization restart the formulas (|5.12|) and (|5.10|) of geometric quantization of a 
symplectic manifold Z . □ 

Let Sp(Z) C C°°(Z) be a subring of functions constant on leaves of a foli- 
ation T, and let 71 (T) be the real Lie algebra of global sections of the tangent 
bundle TT — > Z to F. It is the Lie SjF(Z)-algebra of derivations of C°°(Z), 
regarded as a Sj^(Z)-ring. 

Definition 5.5: In the framework of the leafwise differential calculus $*(Z) 
(I7.41|) . a (linear) leafwise connection on a complex line bundle C — > Z is defined 
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as a connection on the C°° (Z)-module C(Z) of global sections of this bundle, 
where C°°(Z) is regarded as an Sjr(Z)-img (see Definition 17. lip . It associates 
to each element r £ 71 (J-) an Sjr(Z)-linear endomorphism of C(Z) which 
obeys the Leibniz rule 

Vf(/ S ) = (rJdf).s + /Vf( S ), feC°°(Z), seC{Z). (5.33) 

□ 

A linear connection on C — > Z can be equivalently defined as a connection on 
the module C{Z) which assigns to each vector field r £ Ti(Z) on Z an M-linear 
endomorphism of C(Z) obeying the Leibniz rule (|5.33j) . Restricted to Ti(J-), 
it obviously yields a leafwise connection. In order to show that any leafwise 
connection is of this form, we appeal to an alternative definition of a leafwise 
connection in terms of leafwise forms. 

The inverse images tt~ 1 (F) of leaves F of the foliation T of Z provide a 
(regular) foliation Cjr of the line bundle C. Given the (holomorphic) tangent 
bundle TCjr of this foliation, we have the exact sequence of vector bundles 

O^VC — >TCjr — yCxTJ^O, (5.34) 

C C Z 

where VC is the (holomorphic) vertical tangent bundle of C — s- Z. 

Definition 5.6: A (linear) leafwise connection on the complex line bundle 
C — > Z is a splitting of the exact sequence (|5.34l) which is linear over C. □ 

One can choose an adapted coordinate atlas {(C/j; z x , z 1 )} (|7.38|) of a foliated 
manifold (Z, !F) such that are trivialization domains of the complex line 
bundle C — >• Z. Let (z A ,z*,c), c € C, be the corresponding bundle coordinates 
on C Z. They also are adapted coordinates on the foliated manifold (C, Cp). 
With respect to these coordinates, a (linear) leafwise connection is represented 
by a TCj:- valued leafwise one-form 

A F = dz l ® (di + A lC d c ), (5.35) 

where Ai are local complex functions on C . 

The exact sequence (|5.34p is obviously a subsequence of the exact sequence 

VC — >TC — >CxTZ ^0, 

c c z 

where TC is the holomorphic tangent bundle of C . Consequently, 
tion 

JC = dz x ® (o» A + IC x cd c ) + dz l ® {d t + K t cd c ) 
on the complex line bundle C — > Z yields a leafwise connection 

JCjr = dz l ® (di + JC,cd c ). (5.37) 

Theorem 5.7: Any leafwise connection on the complex line bundle C — » Z 
comes from a connection on it |41j . □ 



any connec- 
(5.36) 
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In particular, it follows that Definitions 15.51 and 15.61 of a leafwise connection 
are equivalent, namely, 

V^s = ds- A iS dz\ s e C(Z). 

The curvature of a leafwise connection is defined as a C°°(Z)-linear 
cndomorphism 

R{t, t') = V^ Tl - [Vf , V£] = rW'iRij, Ra = - d 3 A u (5.38) 

of C(Z) for any vector fields r, r' € 71 (J 7 ). It is represented by the vertical- 
valued leafwise two-form 

R = ^R lJ dz i A dz J ' ® u c . (5.39) 

If a leafwise connection comes from a connection V, its curvature leafwise 
form R (|5 . 39[) is an image R — i*jrR of the curvature form R (]T.62[) of the 
connection V with respect to the morphism V-p (|7.42|) . 
Now let us turn to the admissible condition (|5.32j) . 

Lemma 5.8: Let us assume that there exists a leafwise connection /Cjf on the 
complex line bundle C — > Z which fulfils the admissible condition (|5.32j) . Then, 
for any Hermitian fibre metric g in C —¥ Z , there exists a leafwise connection 
A 9 ^ on C -> Z which: 

(i) satisfies the admissible condition (j5.32j) . 

(ii) preserves g, 

(hi) comes from a Z7(l)-principal connection on C — > Z. 
This leafwise connection Ajr is called admissible. □ 

Proof: Given a Hermitian fibre metric g in C — ► Z, let ^ 9 = {(z: A , z', c)} an associ- 
ated bundle atlas of C with !7(l)-valued transition functions such that g(c,c') — cc' 
(Proposition 15. 1 1 . Let the above mentioned leafwise connection K-t come from a linear 
connection K, (|5.36p on C —¥ Z written with respect to the atlas ^ 9 . The connection 
/C is split into the sum A 9 + 7 where 

A 3 = dz x ® (9 A + Im(/C A )c9 c ) + dz % ® (9, + Im(fc<)c0 c ) (5.40) 

is a [/(l)-principal connection, preserving the Hermitian fibre metric g. The curvature 
forms RolK. and R 3 of A 9 obey the relation R 9 = Im(R). The connection A 9 (|5.40|) 
defines the leafwise connection 

A 3 T = i* T A = dz l ® (ft + Mfc9 c ), iAf = Im(/Ci), (5.41) 

preserving the Hermitian fibre metric g. Its curvature fulfils a desired relation 

R 3 =i* T R 9 = \m_(i* T R) = i£Q, T ®u c . (5.42) 

□ 

Since A 9 (|5.40|) is a f7(l)-principal connection, its curvature form R 9 is re- 
lated to the first Chern form of integral de Rham cohomology class by the 
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formula (|5.8[) . If the admissible condition (|5.32[) holds, the relation (|5.42[) shows 
that the leafwise cohomology class of the leafwise form — (2tt)~ 1 e^lj- is an im- 
age of an integral de Rham cohomology class with respect to the cohomology 
morphism [i £.] . Conversely, if a leafwise symplectic form fljr on a foliated ma- 
nifold (Z, F) is of this type, there exist a prequantization bundle C — > Z and a 
{/(l)-principal connection A on C — > Z such that the leafwise connection i*-pA 
fulfils the relation (|5 .32[) . Thus, we have stated the following. 

Proposition 5.9: A symplectic foliation (J 7 , Ojf) of a manifold Z admits the 
prequantization (|5.31l) iff the leafwise cohomology class of — (27r)~ 1 £S!jr is an 
image of an integral de Rham cohomology class of Z. □ 

Let F be a leaf of a symplectic foliation (F, Jljr) provided with the symplectic 
form 

£l F = i F £l F . 

In accordance with Proposition 17. 81 and the commutative diagram 
H*(Z;Z) — > iJfi R (Z) 

iT(F;Z) — > ff* R (F) 

of groups of the de Rham cohomology H^ R (*) and the cohomology H*(*;Z) 
with coefficients in the constant sheaf Z, the symplectic form — (2iT)~ 1 eU F be- 
longs to an integral de Rham cohomology class if a leafwise symplectic form 17 jf 
fulfils the condition of Proposition 15.91 This states the following. 

Proposition 5.10: If a symplectic foliation admits prequantization, each its 
symplectic leaf does prequantization too. □ 

The corresponding prequantization bundle for F is the pull-back complex line 
bundle i* F C, coordinated by (z l ,c). Furthermore, let Ajr (|5.41|) be a leafwise 
connection on the prequantization bundle C — > Z which obeys Lemma l5.81 i.e., 
comes from a J7(l)-principal connection A 9 on C — > Z. Then the pull-back 

A F = i* F A 9 = dz i {di + ii* F (Af)cd c ) (5.43) 

of the connection A 9 onto i* F C —> F satisfies the admissible condition 

R F = i* F R = iefl F , 

and preserves the pull-back Hermitian fibre metric i* F g in i*-pC — > F . 

Let us define polarization of a symplectic foliation (J 7 , Qjf) of a manifold Z 
as a maximal (regular) involutive distribution T C TF on Z such that 

JV(u,u)=0, u,v£T z , zeZ. (5.44) 

Given the Lie algebra T(Z) of T-subordinate vector fields on Z, let A? C 
C°°(Z) be the complexified subalgebra of functions / whose leafwise Hamilto- 
nian vector fields d / (|1.12|) fulfil the condition 

[& f ,T(Z)}cT(Z). 
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It is called the quantum algebra of a symplectic foliation (J 7 , fijr) with respect 
to the polarization T. This algebra obviously contains the center Sj-(Z) of the 
Poisson algebra (C°°(Z), {, }jr), and it is a Lie 5'^-(^)-algebra. 

Proposition 5.11: Every polarization T of a symplectic foliation (J 7 , fijr) 
yields polarization of the associated Poisson manifold (Z,wq). □ 

Proof: Let us consider the presheaf of local smooth functions / on Z whose leafwise 
Hamiltonian vector fields i9/ (|1.12|l are subordinate to T. The sheaf <£> of germs of 
these functions is polarization of the Poisson manifold (Z, ton) (see Remark [S3] below). 
Equivalently, $ is the sheaf of germs of functions on Z whose leafwise differentials are 
subordinate to the codistribution fi^T. □ 

Remark 5.3: Let us recall that polarization of a Poisson manifold (Z, {,}) 
is defined as a sheaf T* of germs of complex functions on Z whose stalks T*, 
z E Z, are Abelian algebras with respect to the Poisson bracket {, } [55]. Let 
T*(Z) be the structure algebra of global sections of the sheaf T*; it also is 
called the Poisson polarization [55J HI]- A quantum algebra A associated to 
the Poisson polarization T* is defined as a subalgebra of the Poisson algebra 
C°° (Z) which consists of functions / such that 

{f,T*(Z)} C T*(Z). 

Polarization of a symplectic manifold yields its Poisson one. □ 

Let us note that the polarization <f> in the proof of Proposition 15.111) need 
not be maximal, unless T is of maximal dimension dim IF/ 2. It belongs to 
the following particular type of polarizations of a Poisson manifold. Since the 
cochain morphism (|7.42p is an epimorphism, the leafwise differential calculus 

is universal, i.e., the leafwise differentials df of functions / 6 C°°(Z) on Z 
make up a basis for the C°°(Z)-module ^(Z). Let $(Z) denote the structure 
R-module of global sections of the sheaf $. Then the leafwise differentials of 
elements of $(Z) make up a basis for the C°°(if)-module of global sections of 
the codistribution O^-T. Equivalently, the leafwise Hamiltonian vector fields of 
elements of $(Z) constitute a basis for the C°°(Z)-module T(Z). Then one 
can easily show that polarization T of a symplectic foliation ( J- ', O^r) and the 
corresponding polarization $ of the Poisson manifold (Z, wq) in Proposition 
15. Ill define the same quantum algebra Ap. 

Let (F, ftp) be a symplectic leaf of a symplectic foliation (J 7 , Sip). Given 
polarization T — > Z of (J 7 , ftp), its restriction 

T F = i* F T C i F TT = TF 

to F is an involutive distribution on F. It obeys the condition 

i F H,j^(u, v) — 0, u,v£Tpz, z e F, 

i.e., it is polarization of the symplectic manifold (F, CIf)- Thus, we have stated 
the following. 

Proposition 5.12: Polarization of a symplectic foliation defines polarization 
of each symplectic leaf. □ 
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Clearly, the quantum algebra Af of a symplectic leaf F with respect to the 
polarization Tp contains all elements i* F f of the quantum algebra Ap restricted 
to F. 

Since Ap is the quantum algebra both of a symplectic foliation (J 7 , Up) and 
the associated Poisson manifold (Z, wq), let us follow the standard metaplectic 
correction technique [THl S3] ■ 

Assuming that Z is oriented and that H 2 (Z\ r L2) = 0, let us consider the 
metalinear complex line bundle T> 1 / 2 [Z] — > Z characterized by an atlas 

y z = {(U;z\z\r)} 

with the transition functions (15 . 13[) . Global sections p of this bundle are half- 
densities on Z. Their Lie derivative (|5.14l) along a vector field u on Z reads 

L u p = u x d x p + u l d lP + ~ {d x u x + d lU l )p. (5.45) 

Given an admissible connection Ajr, the prequantization formula (|5.31l) is 
extended to sections g = s ® p of the fibre bundle 

C®V l/2 [Z] (5.46) 
z 

as follows 

/ = -i[(V$ f + ief) ® Id + Id ® Ltf f ] = (5.47) 
-iM f +ief + \d^% feAp. 

This extension is the metaplectic correction of leafwise quantization. It is readily 
observed that the operators (|5.47|) obey Dirac's condition (|5.30[) . Let us denote 
by €z the complex space of sections g of the fibre bundle (|5.46[) of compact 
support such that 

(Vj ® Id + Id <8> L^g = (Vj + ^d^ l )g = 
for all T-subordinate leafwise Hamiltonian vector fields 

Lemma 5.13: For any function / € Ap and an arbitrary section g £ €2, the 
relation fg G £^ holds. □ 

Thus, we have a representation of the quantum algebra Ap in the space <&z- 
Therefore, by quantization of a function / € Ap is meant the restriction of the 
operator f ([ST47| to <£ z . 

The space € z is provided with the non-degenerate Hermitian form 




(5.48) 



z 



70 



which brings <£z into a pre-Hilbert space. Its completion carries a representation 
of the quantum algebra Ajr by (unbounded) Hermitian operators. 

However, it may happen that the above quantization has no physical mean- 
ing because the Hermitian form (|5.48[) on the carrier space £z and, consequently, 
the mean values of operators (|5.47l) are defined by integration over the whole 
manifold Z . For instance, it implies integration over time and classical param- 
eters. Therefore, we suggest a different scheme of quantization of symplectic 
foliations. 

2m 

Let us consider the exterior bundle A TJ-* , 2m = dim J- . Its structure group 
GL(2m, M.) is reducible to the group GL + (2m,R) since a symplectic foliation is 
oriented. One can regard this fibre bundle as being associated to a GL(2m,C)- 
principal bundle P — > Z. As earlier, let us assume that H 2 (Z;Z2) = 0. Then 
the principal bundle P admits a two-fold covering principal bundle with the 
structure metalinear group ML(2m,C) [TB]. As a consequence, there exists a 
complex line bundle T>jr — >• Z characterized by an atlas 

^ = {(U i ;z\z i ,r)} 

with the transition functions r' = Jjrr such that 

- fdz ll \ 
J?Jt = det J . (5.49) 

One can think of its sections as being complex leafwise half-densities on Z. The 
metalinear bundle T>i/ 2 [J-] —> Z admits the canonical lift of any T-subordinate 
vector field u on Z. The corresponding Lie derivative of its sections reads 

= u% + ^d i u i . (5.50) 
We define the quantization bundle as the tensor product 

Yr = C®V 1/2 [F\ -+Z. (5.51) 

Its sections are C-valued leafwise half-forms. Given an admissible leafwise con- 
nection Ajr and the Lie derivative (|5.50p . let us associate the first order 
differential operator 

J = -i[(V£ + ief) ® Id + Id ® L^] = (5.52) 

on sections Qjr of Yjr to each element of the quantum algebra Ap. A direct 
computation with respect to the local Darboux coordinates on Z proves the 
following. 

Lemma 5.14: The operators (|5.52j) obey Dirac's condition (|5.30|) . □ 
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Lemma 5.15: If a section gjr fulfils the condition 

(V£ ® Id + Id ® l4) eF = (v£ + -$0*)^ = (5.53) 

for all T-subordinate leafwise Hamiltonian vector field then /pjr for any 
/ G -4jr possesses the same property. □ 

Let us restrict the representation of the quantum algebra Ap by the opera- 
tors (|5.52[) to the subspace £jr of sections gp of the quantization bundle (|5.51l) 
which obey the condition f|5 . 53[) and whose restriction to any leaf of T is of 
compact support. The last condition is motivated by the following. 

Since ipTT* = T*F, the pull-back i* F V 1/2 [F] of V 1/2 [F] onto a leaf F 
is a metalinear bundle of half-densities on F. By virtue of Propositions 15.101 
and 15.121 the pull-back ipYp of the quantization bundle Yp —> Z onto F is a 
quantization bundle for the symplectic manifold (F, i* F Q,p). Given the pull-back 
connection Ap (|5.43[1 and the polarization Tp = i F T, this symplectic manifold 
is subject to the standard geometric quantization by the first order differential 
operators 

/= -i(i F V^ f + isf + \drf)), f G A F , (5.54) 
on sections gp of i* F Yp — > F of compact support which obey the condition 

(z>V^ + \d % d l )g F = (5.55) 

for all Tp -subordinate Hamiltonian vector fields $ on F. These sections consti- 
tute a pre-Hilbert space £p with respect to the Hermitian form 

(pf\p' f ) = J Qfq'f- 

F 

The key point is the following. 

Proposition 5.16: We have i* F <£p c <£ F , and the relation 

i*F(fQF) = {i F f){i*FQF) ( 5 - 56 ) 
holds for all elements / G Ap and gjr g <£p. □ 

Proof: One can use the fact that the expressions (|5.54[) and (|5.55[) have the same 
coordinate form as the expressions (|5.52[) and (|5.53[) where z x =const. □ 

The relation (|5 -56[) enables one to think of the operators / (|5.52[) as being the 
leafwise quantization of the S'jr(Z)-algebra Ap in the pre-Hilbert Sp(Z)-modu\e 
£p of leafwise half-forms. 
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5.3 Quantization of integrable systems in action-angle vari- 
ables 

In accordance with Theorem [23J an y superintegrable Hamiltonian system (|2.3[) 
on a symplectic manifold (Z, f2) restricted to some open neighborhood Um (j2.6l) 
of its invariant sub-manifold M is characterized by generalized action-angle coor- 
dinates pa, Q A ,y X ), A = 1, . . . , m, A = 1, . . . ,71— m. They are canonical for 
the symplectic form fi (|2.7|l on C/m- Then one can treat the coordinates (I\,pa) 
as n independent functions in involution on a symplectic annulus (Um, 0) which 
constitute a completely integrable system in accordance with Definition 12.21 
Strictly speaking, its quantization fails to be a quantization of the original su- 
perintegrable system (|2.3p because Fi(I\, q A ,pa) are not linear functions and, 
consequently, the algebra (|2.3p and the algebra 

{h,PA} = {h,q A } = 0, {PA,q B }^S^ (5.57) 

are not isomorphic in general. However, one can obtain the Hamilton operator 
% and the Casimir operators C\ of an original superintegrable system and their 
spectra. 

There are different approaches to quantization of completely integrable and 
superintegrable systems [19, 33, 42, 46, 64 . It should be emphasized that action- 
angle coordinates need not be globally defined on a phase space, but form an 
algebra of the Poisson canonical commutation relations (|5 . 5T[) on an open neigh- 
borhood Um of an invariant submanifold M . Therefore, quantization of an inte- 
grable system with respect to the action-angle variables is a quantization of the 
Poisson algebra C°° (Um) of real smooth functions on Um- Since there is no mor- 
phism C°°(Um) C°°(Z), this quantization is not equivalent to quantization 
of an original integrable system on Z and, from on a physical level, is interpreted 
as quantization around an invariant submanifold M . A key point is that, since 
Um is not a contractible manifold, the geometric quantization technique should 
be called into play in order to quantize an integrable system around its invariant 
submanifold. A peculiarity of the geometric quantization procedure is that it 
remains equivalent under symplectic isomorphisms, but essentially depends on 
the choice of a polarization [SS] ■ 

Geometric quantization of completely integrable systems has been studied 
at first with respect to the polarization spanned by Hamiltonian vector fields of 
integrals of motion |64j . For example, the well-known Simms quantization of a 
harmonic oscillator is of this type [16]. However, one meets a problem that the 
associated quantum algebra contains affine functions of angle coordinates on a 
torus which are ill defined. As a consequence, elements of the carrier space of 
this quantization fail to be smooth, but are tempered distributions. We have 
developed a different variant of geometric quantization of completely integrable 
systems [19j [33], [37| . Since a Hamiltonian of a completely integrable system de- 
pends only on action variables, it seems natural to provide the Schrodinger rep- 
resentation of action variables by first order differential operators on functions 
of angle coordinates. For this purpose, one should choose the angle polarization 
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of a symplectic manifold spanned by almost-Hamiltonian vector fields of angle 
variables. 

Given an open neighborhood Um (|2.6p in Theorem 12.51 let us consider its 
fibration 

U M = N M x R m ~ r xf^Fx R m - r x T r = M, (5.58) 
(I XlPAl q A ,y x )-> (q A ,y x ). (5.59) 

Then one can think of a symplectic annulus (Um, ^) as being an open subbvmdlc 
of the cotangent bundle T* M. endowed with the canonical symplectic form fir = 
f2 (|2.7[) . This fact enables us to provide quantization of any superintegrable 
system on a neighborhood of its invariant submanifold as geometric quantization 
of the cotangent bundle T*M over the toroidal cylinder M (|5.58p [38] . Note 
that this quantization however differs from that in Section 5.1 because M. (|5.58|) 
is not simply connected in general. 

Let (q A ,r a ,a' 1 ) be coordinates on the toroidal cylinder M. (|5.58[) . where 
(a 1 , . . . , a r ) are angle coordinates on a torus T r , and let (p A , I a ,Ii) be the cor- 
responding action coordinates (i.e., the holonomic fibre coordinates on T*M). 
Since the symplectic form Q, (|2.7I) is exact, the quantum bundle is defined as 
a trivial complex line bundle C over T*M. Let its trivialization hold fixed. 
Any other trivialization leads to an equivalent quantization of T*Ai. Given the 
associated fibre coordinate c € C on C — > T*M, one can treat its sections as 
smooth complex functions on T*M. 

The Kostant - Souriau prequantization formula (|5.12|) associates to every 
smooth real function / on T*M the first order differential operator 

f = -iti f \D A -fcd c 

on sections of C — > T*M, where $/ is the Hamiltonian vector field of / and D A 
is the covariant differential (|5.4I) with respect to an admissible [/(l)-principal 
connection A on C . This connection preserves the Hcrmitian fibre metric 
g(c, c') — cc' in C, and its curvature obeys the prequantization condition (|5.10|) . 
Such a connection reads 

A = A - ic(p A dq A + I a dr a + Iida 1 ) ® d c , (5.60) 

where Aq is a flat [/(l)-principal connection on C — > T*Ai. 

The classes of gauge non-conjugate flat principal connections on C are in- 
dexed by the set W /X r of homomorphisms of the de Rham cohomology group 

Hhn(T*M) = Hl K {M) = H^ R (T r ) = W 

of T*A4 to U(l). We choose their representatives of the form 

A) [(Ai)] = dp A ® d A + dl a ® d a + dlj <g> &> + dq A ®d A + dr a ® d a + 
da j <g) (dj - i\jcd c ), A, € [0, 1). 
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Accordingly, the relevant connection (|5.60[) on C reads 

A[(\i)] = d PA ®d A + dl a ®d a + dlj <g> d J + (5.61) 
dq A ® (d A - ipAcd c ) + dr a ® (<9 - i/ Q c<9 c ) + 
dcr 7 (g) (9j — + Xj)cd c ). 

For the sake of simplicity, we further assume that the numbers Xi in the expres- 
sion (|5.6ip belong to R, but bear in mind that connections -A[(Aj)] and A[(A^)] 
with Xi — A^ £ Z are gauge conjugate. 

Let us choose the above mentioned angle polarization coinciding with the 
vertical polarization VT*M. Then the corresponding quantum algebra A of 
T* M. consists of afhne functions 

/ = a A (q B , r b , op )p A +a b (q B , r a , a j )I b + a 1 (q B ,r a , oP)U + b(q B ,r a , of ) 

in action coordinates (pa, la, h)- Given a connection (|5.61[) . the corresponding 
Schrodinger operators (|5.28l) read 

I = (^-ia A d A - ^9 A aA + (-ta'd, - l -d b a b ^j + (5.62) 

^— ia l di — ^dia 1 + a l A^ - b. 

They are Hermitian operators in the pre-Hilbert space of complex half- 
densities ip of compact support on M. endowed with the Hermitian form 

= J 'd n ~ m qd m ' r rd r a. 
M 

Note that, being a complex function on a toroidal cylinder M m_r x T r , any 
half-density ip £ <£m is expanded into the series 

j>=/ J 4>{q B ,r a )( nj ) exp[inja°], (n 3 -) = (ni, . . . ,n r ) £ Z r , (5.63) 

where 4>{q B ,? ,a )(n (J ) are half-densities of compact support on R"~ r . In particu- 
lar, the action operators (|5.62p read 

Pa = -id a, I a = -id a , Ij = -idj + Xj. (5.64) 

It should be emphasized that 

apA ^ dp~A, alb 7^ alb, 2l 3 ^ otlj, a, £ C ca (Ai). (5.65) 

The operators (|5 .62[) provide a desired quantization of a superintegrable 
Hamiltonian system written with respect to the action-angle coordinates. They 
satisfy Dirac's condition (|5.1I) . However, both a Hamiltonian H and original 
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integrals of motion Fi do not belong to the quantum algebra A, unless they 
are afhne functions in the action coordinates (pa, la, h)- In some particular 
cases, integrals of motion Fi can be represented by differential operators, but 
this representation fails to be unique because of inequalities (|5.65[) . and Dirac's 
condition need not be satisfied. At the same time, both the Casimir functions 
C\ and a Hamiltonian T~L (Proposition 12. 13[) depend only on action variables 
I a ,Ii- If they are polynomial in I a , one can associate to them the operators 
C\ = C\(I a , Ij), H = W.(I a , Ij), acting in the space (£m by the law 

W*l> = y^U{Ig,nj + X j )(t)(q A ,r a ')^ nj ) exp[m J -a i ], 
Cxi) = ^2Cx(I a ,nj + Xj)^(q A ,r a )^ nj ) explinjO! 3 ]. 

(nj) 

Example 5.4: Let us consider a superintegrable system with the Lie algebra 
q = so(3) of integrals of motion {-Fi, F2, F 3 } on a four-dimensional symplectic 
manifold (Z,fl), namely, 

{-Pi, F2} = F3, {F2, F 3 } — Fi, {Fz,Fi}=F2. 

Since it is compact, an invariant submanifold of a superintegrable system in 
question is a circle M = S 1 . We have a fibred manifold F : Z —> N (|3.22[) onto 
an open subset N C Q* of the Lie coalgebra g*. This fibred manifold is a fibre 
bundle since its fibres are compact (Theorem 17. 2} . Its base N is endowed with 
the coordinates (x\, X2, £3) such that integrals of motion {F%, F 2 , F 3 } on Z read 

Fi=xi, F 2 = x 2 , F 3 =x 3 . 

The coinduced Poisson structure on N is the Lie - Poisson structure (|3.23[) . 
The coadjoint action of so(3) is given by the expression (I3.24[) . An orbit of the 
coadjoint action of dimension 2 is given by the equality (|3.25[) . Let M be an 
invariant submanifold such that the point F(M) £ g* belongs to the orbit (|3.25|) . 
Let us consider an open fibred neighborhood Um — Nm X S 1 of M which is a 
trivial bundle over an open contractible neighborhood Nm of F(M) endowed 
with the coordinates (I,xi,j) defined by the equalities p.27p . Here, I is the 
Casimir function (13.28)) on g*. These coordinates are the Darboux coordinates 
of the Lie - Poisson structure (|3.29l) on Nm- Let di be the Hamiltonian vector 
field of the Casimir function / (|3.28l) . Its flows are invariant submanifolds. Let 
a be a parameter (|3.30[) along the flows of this vector field. Then Um is provided 
with the action-angle coordinates (I, £1,7, a) such that the Poisson bivector on 
Um takes the form Q3.3ip . The action-angle variables {/, Hi = x\, 7} constitute 
a superintegrable system 

{J,F 1 } = 0, {/, 7 } = 0, {F in } = l, (5.66) 
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on Um- It is related to the original one by the transformations 

I = -\{Fl+Fl + Fl)V\ 

( 1 \ 1/2 / 1 \ 1/2 

F2 = ( - - Fx 2 J sin 7 , F 3 = ( - — - fl? J cos 7 . 

Its Hamiltonian is expressed only in the action variable /. Let us quantize the 
superintegrable system (|5.66|) . We obtain the algebra of operators 

/ = a i-i A _ x)~ ib— + — 

\ da J d"f 2 \da d^f 

where a, b, c are smooth functions of angle coordinates (7, a) on the cylinder 
RxS 1 . In particular, the action operators read 

?=-*#-- A, Fx=-if. 
oa o-f 

These operators act in the space of smooth complex functions 

■0( 7 , a) = ^2 4>(j) k exp[ifca] 
k 

on T 2 . A Hamiltonian H(I) of a classical superintegrable system also can be 
represented by the operator 

k 

on this space. □ 



6 Mechanics with time-dependent parameters 

At present, quantum systems with classical parameters attract special attention 
in connection with holonomic quantum computation. 

This Section addresses mechanical systems with time-dependent parameters. 
These parameters can be seen as sections of some smooth fibre bundle £ — s- M 
called the parameter bundle. Then a configuration space of a mechanical system 
with time-dependent parameters is a composite fibre bundle 

Q^E— (6.1) 

[37l [56l [72] . Indeed, given a section q(t) of a parameters bundle S — > R, the 
pull-back bundle 

Q, = s*Q^M (6.2) 

is a subbundle i s : Q ? — > Q of a fibre bundle Q — > R which is a configuration 
space of a mechanical system with a fixed parameter function <;(t). 
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In order to obtain the Lagrange and Hamilton equations, we treat parameters 
on the same level as dynamic variables. The corresponding total velocity and 
phase spaces are the first order jet manifold J Y Q and the vertical cotangent 
bundle V*Q of the configuration bundle Q — > R, respectively. 

Section 6.2 addresses quantization of mechanical systems with time-dependent 
parameters. Since parameters remain classical, a phase space, that we quantize, 
is the vertical cotangent bundle V£Q of a fibre bundle Q S. We apply to 
V£Q — > £ the technique of leafwise geometric quantization (Section 5.2). 

Berry's phase factor is a phenomenon peculiar to quantum systems depend- 
ing on classical time-dependent parameters [3J [5J [50] [53]. It is described by 
driving a carrier Hilbert space of a Hamilton operator over a parameter ma- 
nifold. Berry's phase factor depending only on the geometry of a path in a 
parameter manifold is called geometric (Section 6.3). It is characterized by a 
holonomy operator. A problem lies in separation of a geometric phase factor 
from the total evolution operator without using an adiabatic assumption. 

In Section 6.4, we address the Berry phase phenomena in completely in- 
tegrable systems. The reason is that, being constant under an internal dy- 
namic evolution, action variables of a completely integrable system are driven 
only by a perturbation holonomy operator without any adiabatic approximation 

ESI ED El- 

6.1 Lagrangian and Hamiltonian mechanics with param- 
eters 

Let the composite bundle (|6.1j) , treated as a configuration space of a mechanical 
system with parameters, be equipped with bundle coordinates (t, a rn , q l ) where 
(t, a m ) are coordinates on a fibre bundle £ — > R. 

Remark 6.1: Though Q — > R is a trivial bundle, a fibre bundle Q — »• £ need 
not be trivial. □ 

For a time, it is convenient to regard parameters as dynamic variables. Then 
a total velocity space of a mechanical system with parameters is the first order 
jet manifold J X Q of the fibre bundle Q — > R. It is equipped with the adapted 
coordinates (t, a m , q l , a™, ql). 

Let a fibre bundle Q — > £ be provided with a connection 

A E = dt ® (d t + Aldi) + da m ® (d m + A\ n di). (6.3) 

Then the corresponding vertical covariant differential (|7.78[) : 

D: J X Q^ VsQ, D = (ql - A\ - A m a?)d u (6.4) 

is defined on a configuration bundle Q — > R. 

Given a section of a parameter bundle S — > R, the restriction of D to 
J iq^J^Qq) C J X Q is the familiar covariant differential on a fibre bundle 
(|6.2I) corresponding to the pull-back (|7.79p : 

A, = d t + [(A m o OcV m + (A o Oflfii, (6.5) 
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of the connection (|6.3p onto Q ? — > R. Therefore, one can use the vertical 
covariant differential D (|6.4[) in order to construct a Lagrangian for a mechanical 
system with parameters on the configuration space Q (|6.1[) . 

We suppose that such a Lagrangian L depends on derivatives of parameters 
<7™ only via the vertical covariant differential D (|6.4p . i.e., 

L = C{t, a m ,q\& = ql - A\ - A l m a?)dt. (6.6) 

Obviously, this Lagrangian is non-regular because of the Lagrangian constraint 

d t m £ + Al n d t l £ = 0. 

As a consequence, the corresponding Lagrange equation 

(9, - d t dj)jC = 0, (6.7) 
(d m - d t dl)C = (6.8) 

is overdefined, and it admits a solution only if a rather particular relation 

{dm + A l m d,)C + dlCd t A l m = 

is satisfied. 

However, if a parameter function <r holds fixed, the equation (|6.8|l is replaced 
with the condition 

a m =<; m (t), (6.9) 

and the Lagrange equation (|6 . T[) only should be considered One can think of 
this equation under the condition (|6.9I) as being the Lagrange equation for the 
Lagrangian 

L, = J\*L = C{t,^ m ,q\D l = ql -A\- A m d t <; m )dt (6.10) 

on a velocity space J 1 Q S . 

A total phase space of a mechanical system with time-dependent parameters 
on the composite bundle (|6.f [) is the vertical cotangent bundle V*Q of Q — >• M. 
It is coordinated by (t,a m ,q l ,p m ,pi). 

Let us consider Hamiltonian forms on a phase space y*Q which are associ- 
ated with the Lagrangian L (|6.6j) . The Lagrangian constraint space Nl cV*Q 
defined by this Lagrangian is given by the equalities 

Pi = diL, Pm + A l mVl = 0, (6.11) 

where A^ is the connection (I6.3[) on a fibre bundle Q — > S. 
Let 

T = d t + T m (t,a r )d m (6.12) 
be some connection on a parameter bundle S — > M, and let 

7 = 9 t + L m 9 m + (^ + J 4J„L m )a i (6.13) 
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be the composite connection (|7.71[) on a fibre bundle Q — > R which is defined 
by the connection Ay: f|6 . 3[) on Q — > £ and the connection T (|6.12p on £ — > K. 
Then a desired L-associated Hamiltonian form reads 

H = (p rn da m + p i dq i ) — (6.14) 
[ Pm T m + Pl (Al +Al 1l T m ) + £ 1 (t,a m ,q\ Pl )}dt, 

where a Hamiltonian function £ 7 satisfies the relations 

d\L{t, a m ,q\ & = d l £ 7 (t, a m ,q\ d\C) = d\C, (6.15) 
Pl d l £ 7 -£ 7 = C{t,a m ,q\D l = d l £ 7 ). (6.16) 

A key point is that the Hamiltonian form (|6.14[) is affine in momenta p m and 
that the relations (|6.15l) - (|6.16p are independent of the connection T (|6.12l) . 

The Hamilton equation (|4li9l - (|4~iD|) for the Hamiltonian form H (jrTT4l 
reads 

qi = Ai+Ai n T m + d%, (6.17) 
p ti = - Pj (diA{ + diA 3 m T m ) - d t £ 7 , (6.18) 
a t m = T m , (6.19) 
Ptm = -Pi(d m A\ + T n d m Ai) - d m £ y , (6.20) 

whereas the Lagrangian constraint (|6 . 1 1 1) takes the form 

Pl = d t i £(t,q\a m ,d*£- l (t 7 a m ,q\p l )), (6.21) 
Pm + A l mVl = 0. (6.22) 

If a parameter function <;(t) holds fixed, we ignore the equation (|6.20[) and treat 
the rest ones as follows. 

Given s(t), the equations (|6.9p and (|6.22[) define a subbundle 

P, -> Q, -> R (6.23) 



over 1 of a total phase space V*Q —> R. With the connection (|6.3[) . we have 
the splitting (17777)) of V*Q which reads 

V*Q = A s (V£Q)®(QxV*J:), 
Q Q 

Pidq l +p m da m = Pi (dq l - A m da m ) + {p m + A i m p i )da m , 

where V^Q is the vertical cotangent bundle of Q — >• £. Then V*Q — >• Q can be 
provided with the bundle coordinates 

Pi = Pi i Pin = Pm + A l m Pi 

compatible with this splitting. Relative to these coordinates, the equation (|6.22l) 
takes the form p m — 0. It follows that the subbundle 

i P :P q =i*(A?:{V£Q))^V*Q, (6.24) 
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coordinated by (t,q l ,pi), is isomorphic to the vertical cotangent bundle 



V*Q, = i*V£Q 

of the configuration space — > M (|6.2p of a mechanical system with a parameter 
function <;{f). Consequently, the fibre bundle P q (|6.23p is a phase space of this 
system. 

Given a parameter function there exists a connection T on a parameter 
bundle £ — >• R such that ?(i) is its integral section, i.e., the equation f|6 . 10[) 
takes the form 

d t , m (t)=T m (t,,(t)). (6.25) 

Then a system of equations J6.17[) . (|6.18[) and (16.211) under the conditions (|6.9p 
and (|6.25l) describes a mechanical system with a given parameter function 
on a phase space P f . Moreover, this system is the Hamilton equation for the 
pull-back Hamiltonian form 

H, = i* P H = Pl dq l ~ \pi{A\ + Al n d t ^ m ) + <;*£^]dt (6.26) 

on where 

Ai + A i m d t <; m = (i; 1 y t 

is the pull-back connection (17.79)) on Q ? — > K. 

It is readily observed that the Hamiltonian form (|6.26[) is associated with 

the Lagrangian L ? (|6.10|) on J 1 Q i , and the equations (|6.17[) . (|6.18[) and f|6.21[) 
are corresponded to the Lagrange equation (|6.7[) . 

6.2 Quantum mechanics with classical parameters 

This Section is devoted to quantization of mechanical systems with time-dependent 
parameters on the composite bundle Q (|6.1[) . Since parameters remain classi- 
cal, a phase space that we quantize is the vertical cotangent bundle V£Q of a 
fibre bundle Q — > X. This phase space is equipped with holonomic coordinates 
(t, a m , q l ,Pi). It is provided with the following canonical Poisson structure. Let 
T*Q be the cotangent bundle of Q equipped with the holonomic coordinates 
(t,a m ,q l ,po,p m ,pi). It is endowed with the canonical Poisson structure {,}t 
(|4.19p . There is the canonical fibration 

Cs : T*Q V*Q — > V£Q (6.27) 

(see the exact sequence (|7.73p ). Then the Poisson bracket {,}s on the space 
C°°(V£Q) of smooth real functions on V£Q is defined by the relation 

Cs{/,/'}s-{Ce/,Cs/'}t, (6.28) 
{f,f% = d k fd k f'-d k fd k f, f,f £C°°(V£Q). (6.29) 

The corresponding characteristic symplectic foliation T coincides with the fi- 
bration V£Q — > X. Therefore, we can apply to a phase space V£Q — > X the 
technique of leafwise geometric quantization [351 2JJ . 
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Let us assume that a manifold Q is oriented, that fibres of V£Q — > E are 
simply connected, and that 

H 2 (Q;Z 2 ) = H 2 (V£Q;Z 2 ) =0. 

Being the characteristic symplectic foliation of the Poisson structure (|6.29l) , the 
fibration V£Q — > E is endowed with the symplectic leafwise form (|1.15l) : 

£V = dpi A dg z . 

Since this form is d-exact, its leafwise de Rham cohomology class equals zero 
and, consequently, it is the image of the zero de Rham cohomology class. Then, 
in accordance with Proposition 15.91 the symplectic foliation (V£Q —> E,17jr) 
admits prequantization. 

Since the leafwise form fijr is d-exact, the prequantization bundle C — > V£Q 
is trivial. Let its trivialization 

C = V£Q x C (6.30) 

hold fixed, and let (t,a m ,q k ,pk,c) be the corresponding bundle coordinates. 
Then C — > V£Q admits a leafwise connection 

Ajr = dp k ®d k + dq k ® (d k - ipkcd c ). 

This connection preserves the Hermitian fibre metric g (|4.51| in C, and its 
curvature fulfils the prequantization condition (|5.32l) : 

R = —iiljr (g) uc- 

The corresponding prequantization operators (I5.31[) read 

/ = -W f + ( Pk d k f - /), / g C°°(V£Q), 
i?/ = d k fd k - d k fd k . 

Let us choose the canonical vertical polarization of the symplectic foliation 
(V£Q — > T,,ftjr) which is the vertical tangent bundle T = VV£Q of a fibre 
bundle 

kvq ■ V£Q ^ Q. 

It is readily observed that the corresponding quantum algebra A? consists of 
functions 

f = a l (t,* m , q k )p. l + b(t,a"\q k ) (6.31) 

on V£Q which are affine in momenta p k . 

Following the quantization procedure in Section 5.2, one should consider the 
quantization bundle (|5 . 5 1 1) which is isomorphic to the prequantization bundle C 
(|6.30l) because the metalinear bundle Di^-F] of complex fibrewise half-densities 
on V£Q — > E is trivial owing to the identity transition functions J? = 1 (|5.49[) . 
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Then we define the representation (|5.52[) of the quantum algebra Ajr of functions 
/ (I6.3ip in the space £jr of sections p of the prequantization bundle C — > V£Q 
which obey the condition (|5.53[) and whose restriction to each fibre of V£Q — s- S 
is of compact support. Since the trivialization (I6.30|) of C holds fixed, its sections 
are complex functions on V£Q, and the above mentioned condition (|5.53p reads 

d k fd k P = o, fec°°(Q), 

i.e., elements of €jf are constant on fibres of V£Q — > Q. Consequently, <£jr 
reduces to zero p = 0. 

Therefore, we modify the leafwise quantization procedure as follows. Given 
a fibration 

ttqe : Q -> S, 

let us consider the corresponding metalinear bundle 2?i/2[7rQs] — > Q of leafwise 
half-densities on Q — > S and the tensor product 

y q ^c q ® v l/2 [ir QY \ = v l/2 [ir Q v] -> 0, 

where Cq = C x Q is the trivial complex line bundle over Q. It is readily 
observed that the Hamiltonian vector fields 

tf f =a k d k -( P] d k aJ+d k b)d k 

of elements / e yljr (|6.31[) are projectable onto Q. Then one can associate to 
each element / of the quantum algebra Ajr the first order differential operator 

/ = (-iV-KVQ^f) + /) ® Id + Id ® K VQ( # f) = (6.32) 
-ia k d k - ^d k a k - b 

in the space <Bq of sections of the fibre bundle Yq — »• Q whose restriction to 
each fibre of Q — > S is of compact support. Since the pull-back of 2?i/2[ 7r Qs] 
onto each fibre Q a of Q — >• S is the metalinear bundle of half-densities on Qo- , 
the restrictions p a of elements of p € (Eq to Q a constitute a pre-Hilbert space 
with respect to the non-degenerate Hermitian form 




Then the Schrodinger operators (|6.32[) are Hermitian operators in the pre- 
Hilbert C°°(E)-module £q, and provide the desired geometric quantization of 
the symplectic foliation (V£Q — > E, f2j^). 

In order to quantize the evolution equation of a mechanical system on a 
phase space V£Q, one should bear in mind that this equation is not reduced to 
the Poisson bracket {, }s on V£Q, but is expressed in the Poisson bracket {, }t 



S3 



on the cotangent bundle T*Q [3HST]. Therefore, let us start with the classical 
evolution equation. 

Given the Hamiltonian form H (|6.14l) on a total phase space V*Q, let 
(T*Q,'H*) be an equivalent homogeneous Hamiltonian system with the homo- 
geneous Hamiltonian H* (14. 43|) : 

H*=p + [ Pm T m + Pi (Al + A* m T m ) + £ 7 (i, a m , q\ Pl )}. (6.33) 

Let us consider the homogeneous evolution equation (I4.48P where F are func- 
tions on a phase space V£Q. It reads 

{%*, C£F} T = 0, Fe C°°(V£Q), (6.34) 
d t F + T m d m F + (A\ + A) n T m + d'E^F - 
\pj(diAi + diA j m T m ) + diE^d'F = 0. 

It is readily observed that a function F € C°°(V£Q) obeys the equality (|6.34l) iff 
it is constant on solutions of the Hamilton equation (|6.17[) - (I6.19|) . Therefore, 
one can think of the relation (|6.34p as being a classical evolution equation on 
C°°(V£Q). 

In order to quantize the evolution equation (I6.34[) , one should quantize a 
symplectic manifold (T*Q, {, }t) so that its quantum algebra At contains the 
pull-back CeAf °f the quantum algebra Ajr of the functions (|6.31[) . For this 
purpose, we choose the vertical polarization VT*Q on the cotangent bundle 
T*Q. The corresponding quantum algebra At consists of functions on T*Q 
which are affine in momenta (poiPm,Pi) (see Section 5.2). Clearly, Q^Ar is a 
subalgebra of the quantum algebra At of T*Q. 

Let us restrict our consideration to the subalgebra A' T C At of functions 

/ = a(t, a r ) Po + a m {t, a r ) Vm + a l (t, a m ,q j ) Pi + b(t, a m ,q^), 

where a and a A are the pull-back onto T*Q of functions on a parameter space 
S. Of course, Cs^J 7 C A' T . Moreover, A' T admits a representation by the 
Hermitian operators 

/ = -i{ad t + a m d m + a l d t ) - % -d k a k - b (6.35) 

in the carrier space <Bq of the representation (|6.32j) of A?. Then, if H* G A' T , 
the evolution equation (|6.34p is quantized as the Heisenberg equation 

i[M*,f]=0, ft A r . (6.36) 

A problem is that the function T-L* (|6 . 33[) fails to belong to the algebra 
A' T , unless the Hamiltonian function £ 7 (|6.14[) is afhne in momenta pi. Let 
us assume that £ 7 is polynomial in momenta. This is the case of almost all 
physically relevant models. 

Lemma 6.1: Any smooth function / on V£Q which is a polynomial of momenta 
P k is decomposed in a finite sum of products of elements of the algebra A □ 
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By virtue of Lemma 16.11 one can associate to a polynomial Hamiltonian 
function £ 7 an element of the enveloping algebra Ajr of the Lie algebra Aj= 
(though it by no means is unique). Accordingly, the homogeneous Hamiltonian 
%* (|6.33l) is represented by an element of the enveloping algebra A' T of the Lie 
algebra A' T . Then the Schrodinger representation (|6.32j) and (|6.35|) of the Lie 
algebras Ajr and A' T is naturally extended to their enveloping algebras Ajr and 
At that provides quantization 

H* = -i[d t + T m d m + (A* + A k m T m )dk} - \d k {A\ + AtT m ) + E 1 (6.37) 

of the homogeneous Hamiltonian H* (|6.33[) . 

It is readily observed that the operator iH* (|6.37p obeys the Leibniz rule 

iH*(r P )=d t rp + r(iH*p), reC°°(M), p G <Bq. (6.38) 

Therefore, it is a connection on pre-Hilbert C°°(IR)-module €q. The corre- 
sponding Schrodinger equation reads 

iH*p = 0, pe£ Q . 

Given a trivialization 

Q = lxM, (6.39) 
there is the corresponding global decomposition 

H* = -id t + ii, 

where T-L plays a role of the Hamilton operator. Then we can introduce the 
evolution operator U which obeys the equation 

d t U{t) = -iH* o U(t), U(0) = 1. 

It can be written as the formal time-ordered exponent 



U = Texp 



t 



ndt' 



Given the quantum operator n* (|6.37p . the bracket 

Vf = i[n*,f] (6.40) 

defines a derivation of the quantum algebra Aj=. Since po = — idt, the derivation 
(|6.40|) obeys the Leibniz rule 

V(r/) = d t rf + rV/i r G C°°(R). 

Therefore, it is a connection on the C°° (R)-algebra Ap, which enables one 
to treat quantum evolution of A? as a parallel displacement along time. In 
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particular, / is parallel with respect to the connection (I6.40[) if it obeys the 
Heisenberg equation (I6.36|) . 

Now let us consider a mechanical system depending on a given parameter 
function <; : M. X. Its configuration space is the pull-back bundle (|6.2p . 
The corresponding phase space is the fibre bundle P q (|6.24p . The pull-back 
of the Hamiltonian form H (|6.14l) onto P q takes the form (|6.26l) . 

The homogeneous phase space of a mechanical system with a parameter 
function ? is the pull-back 

i\ = i* P T*Q (6.41) 

onto P ? of the fibre bundle T*Q — > V*Q (14.20[) . The homogeneous phase space 
P ? (|6.4ip is coordinated by (t,q i ,po,Pi), and it isomorphic to the cotangent 
bundle T*Q S . The associated homogeneous Hamiltonian on P ? reads 

U* = Po + [pi (A\ + A^d t , m ) + (6.42) 

It characterizes the dynamics of a mechanical system with a given parameter 
function q. 

In order to quantize this system, let us consider the pull-back bundle 

23i/a[Q s ] = i^i/akQ E ] 

over Q,; and its pull-back sections p s = P £ £q- It is easily justified that 
these are fibrewise half-densities on a fibre bundle Q f —> R whose restrictions 
to each fibre it '■ Qt Qs are of compact support. These sections constitute a 
pre-Hilbert C°° (R)-module (£ ? with respect to the Hermitian forms 

/ ■* I •* ' \ / r* 7* T 

KhPsVtPjt = / hPsHP*;- 
Qt 

Then the pull-back operators 

= Up),, 

= -»a fc (t, ^)fl fc - ^a fc (t,? m (t),9»') - 6(t, ? ™(t), 

in (£ ? provide the representation of the pull-back functions 

i*/ = a k (t,, m (t),qi)p k + b{t,, m {t),q J ), f € Af, 
on V^*Q^. Accordingly, the quantum operator 

H* = - i(A + AldtDdi ~ l -di(At + A l m d t D - fS-r (6.43) 

coincides with the pull-back operator <;*%*, and it yields the Heisenberg equa- 
tion 



S(i 



of a quantum system with a parameter function <;. 

The operator U* (|6~4"3| acting in the pre-Hilbert C°° (R)-module (£ s obeys 
the Leibniz rule 



(6.44) 



and, therefore, it is a connection on € s . The corresponding Schrodingcr equation 
reads 



m* Pi = 0, P , e g e , 

ft + + A^ m )ft + ~ft(Aj + Aldts™) - fc^ 



With the trivialization (16.39)) of Q, we have a trivialization of 
corresponding global decomposition 



(6.45) 

P, = o. 

— > M and the 



where 



H< = -i(Ai + Aldt^di -~di (A* + A l m d t ^ m ) + ^*£ 7 (6.46) 

is a Hamilton operator. Then we can introduce an evolution operator U q which 
obeys the equation 

d t US) = ~i'H*oUS), 0*(O) = 1. 
It can be written as the formal time-ordered exponent 



U^t) = Texp 



-/ / H<;dt' 
o 



(6.47) 



6.3 Berry geometric factor 

As was mentioned above, the Berry phase factor is a standard attribute of quan- 
tum mechanical systems with time-dependent classical parameters [8j [58] . The 
quantum Berry phase factor is described by driving a carrier Hilbert space of 
a Hamilton operator over cycles in a parameter manifold. The Berry geomet- 
ric factor depends only on the geometry of a path in a parameter manifold 
and, therefore, provides a possibility to perform quantum gate operations in 
an intrinsically fault-tolerant way. A problem lies in separation of the Berry 
geometric factor from the total evolution operator without using an adiabatic 
assumption. Firstly, holonomy quantum computation implies exact cyclic evo- 
lution, but exact adiabatic cyclic evolution almost never exists. Secondly, an 
adiabatic condition requires that the evolution time must be long enough. 

In a general setting, let us consider a linear (not necessarily finite-dimensional) 
dynamical system 
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whose linear (time-dependent) dynamic operator S falls into the sum 

S = S + A = S + d t s m A m) 



(6.48) 



where <;(t) is a parameter function given by a section of some smooth fibre 
bundle E — > M coordinated by (i,er m ). Let assume the following: 

(i) the operators So{t) and A(t') commute for all instants i and t', 

(ii) the operator A depends on time only through a parameter function <;(£). 
Then the corresponding evolution operator U(t) can be represented by the prod- 
uct of time-ordered exponentials 



(6.49) 





" t 




" t 


U{t) = U (t) o Ui{t) = Texp 


J Adt' 


o Texp 


J S Q dt' 




. 




. 



where the first one is brought into the ordered exponential 



Ux(t) = Texp 



Texp 



A m (c(t'))% m W 



L o 



(6.50) 



A m (a)da r 



s[Q,t] 



along the curve c[0, t] in a parameter bundle S. It is the Berry geometric factor 
depending only on a trajectory of a parameter function Therefore, one can 
think of this factor as being a displacement operator along a curve ?[0,t] C S. 
Accordingly, 

A = A m d t s m (6.51) 

is called the holonomy operator. 

However, a problem is that the above mentioned commutativity condition 
(i) is rather restrictive. 

Turn now to the quantum Hamiltonian system with classical parameters in 
Section 6.2. The Hamilton operator H q (|6.46[) in the evolution operator U (|6.4T[) 
takes the form (JHUBJ): 



He = -i 



A k m dk + ^A k m 



a t? m + H'(0- 



(6.52) 



Its second term W can be regarded as a dynamic Hamilton operator of a quan- 
tum system, while the first one is responsible for the Berry geometric factor as 
follows. 

Bearing in mind possible applications to holonomic quantum computations, 
let us simplify the quantum system in question. The above mentioned trivial- 
ization (|6.39p of Q implies a trivialization of a parameter bundle E = K x W 
such that a fibration Q — > E reads 



x M 



Id xtvm 



x IT, 
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where ttm ■ M — > W is a fibre bundle. Let us suppose that components 
of the connection A^, (|6 . 3[) are independent of time. Then one can regard the 
second term in this connection as a connection on a fibre bundle M — > W. 
It also follows that the first term in the Hamilton operator (I6.52[) depends on 
time only through parameter functions s m (t). Furthermore, let the two terms 
in the Hamilton operator (I6.52[) mutually commute on [0, t]. Then the evolution 
operator U (|6.4T[) takes the form 



U = Texp 



Texp 



A k m d k + -d k A k n 



f([0,i]) 



n'dt' 



da n 



(6.53) 



One can think of its first factor as being the parallel displacement operator along 
the curve ?([0,t]) C W with respect to the connection 



V m/ o 



A k m d k + ^d k A k m | p, 



pe € Q , 



(6.54) 



called the Berry connection on a C°°(M / )-module (£q. A peculiarity of this 
factor in comparison with the second one lies in the fact that integration over 
time through a parameter function <;(t) depends only on a trajectory of this 
function in a parameter space, but not on parametrization of this trajectory by 
time. Therefore, the first term of the evolution operator U (|6.53|) is the Berry 
geometric factor. The corresponding holonomy operator (|6.51[) reads 



Ald k + \d k A\ 



6.4 Non-adiabatic holonomy operator 

We address the Berry phase phenomena in a completely integrable system of 
m degrees of freedom around its invariant torus T m . The reason is that, being 
constant under an internal evolution, its action variables are driven only by 
a perturbation holonomy operator A. We construct such an operator for an 
arbitrary connection on a fibre bundle 

W x T m -> W, (6.55) 

without any adiabatic approximation [371 HI] • I n order that a holonomy op- 
erator and a dynamic Hamiltonian mutually commute, we first define a holon- 
omy operator with respect to initial data action-angle coordinates and, after- 
wards, return to the original ones. A key point is that both classical evolution 
of action variables and mean values of quantum action operators relative to 
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original action-angle coordinates are determined by the dynamics of initial data 
action and angle variables. 

A generic phase space of a Hamiltonian system with time-dependent param- 
eters is a composite fibre bundle 

where II — > S is a symplectic bundle (i.e., a symplectic foliation whose leaves 
are fibres of II — > £), and 

E = R x W -> R 

is a parameter bundle whose sections are parameter functions. In the case of 
a completely integrable system with time-dependent parameters, we have the 
product 

P = £x[/ = £x(Vx T m ) —»•£—>• R, 

equipped with the coordinates (t,cr a ,I kl ip k ). Let us suppose for a time that 
parameters also are dynamic variables. The total phase space of such a system 
is the product 

n = v*z x u 

coordinated by (t,a a ,p a = & a , I k , f k )- Its dynamics is characterized by the 
Hamiltonian form (|6.14p : 

Hy, = Pa da a +I k dtp k -Hs(t,a ,p ,I j ,(p j )dt, 
Hj:= Pa T a +I k (A k + A k a T?)+H, (6.56) 

where H is a function, <9 t + T a d a is the connection (|6.12[) on the parameter 
bundle £ -> R, and 

A = dt ® (d t + A*d fe ) + ® (8 a + A k a d k ) (6.57) 

is the connection (|6.3p on the fibre bundle 

SxT m 4 S. 

Bearing in mind that a a are parameters, one should choose the Hamiltonian 
"Hs (|6.56l) to be affine in their momenta p a . Then a Hamiltonian system with a 
fixed parameter function a a = s a (t) is described by the pull-back Hamiltonian 
form (|6~!TO|) : 

H s = I k d^ k - {I k [A k t (t, y>) + (6.58) 

A^^^d^+nt^jj,^)}^ 

on a Poisson manifold 

RxU = Rx (V xT m ). (6.59) 
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Let H = H(Ii) be a Hamiltonian of an original autonomous completely 
integrable system on the toroidal domain U (|6.59[) equipped with the action- 
angle coordinates (I k ,ip ). We introduce a desired holonomy operator by the 
appropriate choice of the connection A (|6 . 57|) . 

For this purpose, let us choose the initial data action-angle coordinates 
(I k ,4> k ) by the converse to the canonical transformation (|4.76|> : 

tp k = 4> k - td k H. (6.60) 

With respect to these coordinates, the Hamiltonian of an original completely 
integrable system vanishes and the Hamiltonian form (16.581) reads 

H s = I k d4> k -I k [A$(t,<ft) + A*(t i <f,<P)8 t < a ]dt. (6.61) 

Let us put A k = by the choice of a reference frame associated to the initial 
data coordinates fc , and let us assume that coefficients A k are independent of 
time, i.e., the part 

A w = da a ® (d a + A k a d k ) (6.62) 

of the connection A (|6.57|) is a connection on the fibre bundle (|6.55|) . Then the 
Hamiltonian form (|6.61[) reads 

H f = J fe # fc - hA k {^, ^)dt^ a dt. (6.63) 

Its Hamilton vector field (|4.38l) is 

1h = dt + A^ a d t - I k d t A k d t ^ a d\ (6.64) 

and it leads to the Hamilton equation 

d t d? = A a {<;(t),<t> l )d t <; a , (6.65) 

d t h = -I k d t A%(t), 4> l )d t ^ a . (6.66) 

Let us consider the lift 

V*A W = da a ® (d a + A^flj - hdiAld') (6.67) 

of the connection Aw (I6.62[) onto the fibre bundle 

W x(V xT m )^ W, 

seen as a subbundle of the vertical cotangent bundle 

V*(W x T m ) = W x T*T m 

of the fibre bundle f|6.55|) . It follows that any solution Ii(t), (^{t) of the Hamilton 
equation (|6 . 65[) - (|6.66p (i.e., an integral curve of the Hamilton vector field 
(|6.64I0 is a horizontal lift of the curve <,{t) C W with respect to the connection 
V*A W (EZ3), i.e., 

hit) = iMt)), = ^(t)). 
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Thus, the right-hand side of the Hamilton equation (|6.65[) - (|6.66[) is the holon- 
omy operator 

& = {A i a d t <; a ,-I k d i A k t d t <;<*). (6.68) 

It is not a linear operator, but the substitution of a solution <p(^(t)) of the 
equation (|6.65l) into the Hamilton equation (I6.66[) results in a linear holonomy 
operator on the action variables /j. 

Let us show that the holonomy operator (|6.68p is well defined. Since any 
vector field i? on 1 x T m such that i?J dt = 1 is complete, the Hamilton equa- 
tion (|6.65[) has solutions for any parameter function s(t). It follows that any 
connection (|6.62p on the fibre bundle (I6.55|) is an Ehresmann connection, 
and so is its lift (I6.67|) . Because V* Aw (|6.67p is an Ehresmann connection, any 
curve <?([0, 1]) C W can play a role of the parameter function in the holonomy 
operator A ([6~Ii8"j) . 

Now, let us return to the original action-angle coordinates (I k , f k ) by means 
of the canonical transformation (|6.60p . The perturbed Hamiltonian reads 

W = I k A*(?(t),^ - td l U{I 3 ))d t ^{t) +H(I j ), 

while the Hamilton equation f|6.65[) - (|6.66l) takes the form 

-ti k 8 i d"H(i j )d a A*(<;(t),<ft - td l n(i 3 ))d t ^ a (t), 

Its solution is 

*(?(*)), ( p i (t) = 4> i m) + td i n(iMt))), 

where Ii(<;(t)), 4> l (<;(t)) is a solution of the Hamilton equation (|6.65[) - (I6.66[) . We 
observe that the action variables I k are driven only by the holonomy operator, 
while the angle variables ip z have a non-geometric summand. 

Let us emphasize that, in the construction of the holonomy operator (I6.68[) . 
we do not impose any restriction on the connection Aw (|6.62l) . Therefore, any 
connection on the fibre bundle (I6.55P yields a holonomy operator of a completely 
integrable system. However, a glance at the expression (|6.68|) shows that this 
operator becomes zero on action variables if all coefficients of the connection 
Aw (|6.62p are constant, i.e., Aw is a principal connection on the fibre bundle 
(|6.55p seen as a principal bundle with the structure group T m . 

In order to quantize a non-autonomous completely integrable system on 
the Poisson toroidal domain (U,{, }y) (|6.59p equipped with action-angle coor- 
dinates (Ii^tf 1 ), one may follow the instantwise geometric quantization of non- 
autonomous mechanics. As a result, we can simply replace functions on T m with 
those on K x T m Q15]. Namely, the corresponding quantum algebra A C C°°(U) 
consists of affine functions 

f = a k (t,<p j )I k +b(t,<p j ) (6.69) 
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of action coordinates Ik represented by the operators (|6.32[) in the space 

£ = C°°(RxT m ) (6.70) 

of smooth complex functions if)(t, <p) onRx T m . This space is provided with the 
structure of the pre-Hilbert C°° (M)-module endowed with the non-degenerate 
C°°(IR)-bilinear form 

Its basis consists of the pull-back onto R x T m of the functions 

V>(n r ) = exp[i(n r ^ r )], (n r ) = (ni,...,n m ) €Z m . (6.71) 

Furthermore, this quantization of a non-autonomous completely integrable 
system on the Poisson manifold (U, {, }y) is extended to the associated homo- 
geneous completely integrable system on the symplectic annulus (|4.72|) : 

U' = C\U) = N' x T m -> N' 

by means of the operator Iq = —idt in the pre-Hilbert module <£ (|6.70p . Ac- 
cordingly, the homogeneous Hamiltonian H* is quantized as 

H* = -id t + li- 
lt is a Hamiltonian of a quantum non-autonomous completely integrable system. 
The corresponding Schrodinger equation is 

H*^ = -id t i> + Hip = 0, ip e <£. (6.72) 

For instance, a quantum Hamiltonian of an original autonomous completely 
integrable system seen as the non-autonomous one is 

n* = -id t +n(Tj). 

Its spectrum 

on the basis {ip(n r )} (|6.71|) for £ (|6.71|) coincides with that of the autonomous 
Hamiltonian H(Ik) — H(Ik)- The Schrodinger equation (|6 . T2[) reads 

Hyj = -idti> + H(-id k + \ k )il; = 0, V G E. 

Its solutions are the Fourier series 

4> = ^2 ex P[ _i *- E! (nr)]V , (n r )) B (n r ) G C. 

W 
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Now, let us quantize this completely integrable system with respect to the 
initial data action-angle coordinates {Ii,<j) 1 ). As was mentioned above, it is 
given on a toroidal domain U (|6.59|) provided with another fibration over K. Its 
quantum algebra Aq C C°° (U) consists of afHne functions 



f = a k {t,<jj)I k + b{t,4P). 



(6.73) 



The canonical transformation (|4.76[) ensures an isomorphism of Poisson algebras 
A and Aq. Functions / (|6.73[) are represented by the operators / (|6.32l) in the 
pre-Hilbert module (So of smooth complex functions &(t, <f>) on R x T m . Given 
its basis 

*(„ r )(0) = Kf], 

the operators I k and ip(n r ) take the form 



(6.74) 



The Hamiltonian of a quantum completely integrable system with respect to 
the initial data variables is %q — —idt- Then one easily obtains the isometric 
isomorphism 



fl^V)) = exp[ii£ (jv) ]* ( „ r) , (R(1>)\R(1>')) = (W), 
of the pre-Hilbert modules l£ and l£o which provides the equivalence 



(6.75) 



% = R- l %R, i) {nr) = R- l $ {nr) R, ii* = RT 1 %qR (6.76) 

of the quantizations of a completely integrable system with respect to the orig- 
inal and initial data action-angle variables. 

In view of the isomorphism (|6.76[) . let us first construct a holonomy operator 
of a quantum completely integrable system (_4oj?^o) with respect to the initial 
data action-angle coordinates. Let us consider the perturbed homogeneous Ha- 
miltonian 

h ? = n* + H! = j + d t s a (t)k%{t), p)i k 

of the classical perturbed completely integrable system (|6.63|) . Its perturbation 
term Hi is of the form (I6.69[) and, therefore, is quantized by the operator 



Hi = -id t s a A a = -id t <; c 



A k d k + -d k (A k a ) + iX k A k 



The quantum Hamiltonian H ? = %q + Hi defines the Schrodinger equation 

1 



A k a d k + ^d k (A k a )+iX k A k c 



* = 0. 



(6.77) 
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If its solution exists, it can be written by means of the evolution operator U (t) 
which is reduced to the geometric factor 



Ux{t) = Texp 



t 

i I d t ^ a (t')A a (t')dt' 



(i 



The latter can be viewed as a displacement operator along the curve <r[0, 1] C W 
with respect to the connection 

A w = da a (d a +A a ) (6.78) 

on the C°°(W)-module C°°(W x T m ) of smooth complex functions on W x T m . 
Let us study weather this displacement operator exists. 

Given a connection Aw (|6.62p . let $ l (t, </>) denote the flow of the complete 
vector field 

on R x T m . It is a solution of the Hamilton equation ([6.650 with the initial data 
4>. We need the inverse flow ($ _1 ) l (i, <j>) which obeys the equation 

dti^-jit, 0) = -d^A^, (^m 0)) = 

Let be an arbitrary complex half-form \l/o on T m possessing identical tran- 
sition functions, and let the same symbol stand for its pull-back onto M x T m . 
Given its pull-back 

($- 1 )** = dct (^-l^j ' $ o (3-i( t ,0)), (6.79) 

it is readily observed that 

* = (*- x )**o exp[i\ k (t) k } (6.80) 

obeys the Schrodinger equation ([6.770 with the initial data vl/o- Because of the 
multiplier exp[iXk<p k ], the function $ ([6.800 however is ill defined, unless all 
numbers Xk equal or ±1/2. Let us note that, if some numbers Xk are equal 
to ±1/2, then \l/o exp[iXk4> k ] is a half-density on T m whose transition functions 
equal ±1, i.e., it is a section of a non-trivial metalinear bundle over T m . 

Thus, we observe that, if Xk equal or ±1/2, then the displacement operator 
always exists and A = iHi is a holonomy operator. Because of the action law 
([6.740 . it is essentially infinite-dimensional. 

For instance, let Aw ([6.620 be the above mentioned principal connection, 
i.e., Ajj =const. Then the Schrodinger equation ([6.770 where Xk = takes the 
form 

dt*{t, 4?) + d t <; a (t)A k a d k *(t, <P) = 0, 
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and its solution (|6.79[) is 



*(t^) = * (^-( ? a (i)-C a (0))A{). 

The corresponding evolution operator U(t) reduces to Berry's phase multiplier 

tfi*(n r ) = expl-m^?"^) - ? a (0))A J j* (nr) , nj e K). 

It keeps the eigenvectors of the action operators It. 

In order to return to the original action-angle variables, one can employ the 
morphism R (|6.75[) . The corresponding Hamiltonian reads 

H = R ^H^R. 

The key point is that, due to the relation (|6.76[> . the action operators h have 
the same mean values 

with respect both to the original and the initial data action-angle variables. 
Therefore, these mean values are defined only by the holonomy operator. 

In conclusion, let us note that, since action variables are driven only by a 
holonomy operator, one can use this operator in order to perform a dynamic 
transition between classical solutions or quantum states of an unperturbed com- 
pletely integrable system by an appropriate choice of a parameter function 
A key point is that this transition can take an arbitrary short time because 
we are entirely free with time parametrization of <; and can choose it quickly 
changing, in contrast with slowly varying parameter functions in adiabatic mod- 
els. This fact makes non-adiabatic holonomy operators in completely integrable 
systems promising for several applications, e.g., quantum control and quantum 
computation. 

7 Appendix 

For the sake of convenience of the reader, this Section summarizes the relevant 
material on differential geometry of fibre bundles [SI [58l [73] . 

7.1 Geometry of fibre bundles 

Throughout this work, all morphisms are smooth, and manifolds are smooth 
real and finite-dimensional. A smooth manifold is customarily assumed to be 
Hausdorff, second-countable and, consequently, paracompact. Being paracom- 
pact, a smooth manifold admits a partition of unity by smooth real functions. 
Unless otherwise stated, manifolds are assumed to be connected. The symbol 
C°°(Z) stands for a ring of smooth real functions on a manifold Z. 
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Given a smooth manifold Z, by i^z '■ TZ — > Z is denoted its tangent bundle. 
Given manifold coordinates (z a ) on Z, the tangent bundle TZ is equipped with 
the holonomic coordinates 

with respect to the holonomic frames {9a} in the tangent spaces to Z. Any 
manifold morphism / : Z — > Z' yields the tangent morphism 

df x 

Tf : TZ — ► TZ 1 , z' x o Tf = -^z", 

of their tangent bundles. A morphism / is said to be an immersion if T z f, 
z G Z, is injective, and a submersion if T z f, z € Z, is surjective. Note that a 
submersion is an open map (i.e., an image of any open set is open). 

If / : Z — >• Z' is an injective immersion, its range is called a submanifold of 
Z' . A submanifold is said to be imbedded if it also is a topological subspace. In 
this case, / is called an imbedding. If Z C Z' , its natural injection is denoted 
by i z : Z ■ -> Z'. 

If a manifold morphism 

7r:y^X, dimA = n>0, (7.1) 

is a surjective submersion, one says that: (i) its domain Y is a fibred manifold, 
(ii) X is its base, (iii) it is a fibration, and (iv) = 7r -1 (x) is a fibre over x E X. 
A fibred manifold admits an atlas of fibred coordinate charts (Uy; x x ,y l ) such 
that (x x ) are coordinates on it(Uy) C X and coordinate transition functions 
read 

x' x = f x (xn, .</' /';.<•«.,/•' i. 

For each point y e Y of a fibred manifold, there exists a local section s of 
V — > X passing through y. By a local section of the fibration (|7.1[) is meant an 
injection s : ?7 — > Y of an open subset U C X such that ios = IdU, i.e., a 
section sends any point x £ X into the fibre Y x over this point. A local section 
also is defined over any subset N € X as the restriction to N of a local section 
over an open set containing N. If U = X, one calls s the global section. A range 
s(U) of a local section s : U — > Y of a fibred manifold F — > X is an imbedded 
submanifold of Y. A local section is a closed map, sending closed subsets of U 
onto closed subsets of Y. If s is a global section, then s(X) is a closed imbedded 
submanifold of Y. Global sections of a fibred manifold need not exist. 

Theorem 7.1: Let Y — > X be a fibred manifold whose fibres are diffcomorphic 
to K m . Any its section over a closed imbedded submanifold (e.g., a point) of X 
is extended to a global section [80]. In particular, such a fibred manifold always 
has a global section. □ 

Given fibred coordinates (Uy\ x x ,y l ), a section s of a fibred manifold Y — > X 
is represented by collections of local functions {s l — y l o s} on tt(Uy)- 
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Morphisms of fibred manifolds, by definition, are fibrewise morphisms, send- 
ing a fibre to a fibre. Namely, a fibred morphism of a fibred manifold tt : Y — > X 
to a fibred manifold tt' : Y' — > X' is defined as a pair ($, /) of manifold mor- 
phisms which form a commutative diagram 

Y ^ Y' 

t' , 7T O $ = / o 7T. 

Fibred injections and surjections are called monomorphisms and epimorphisms, 
respectively. A fibred diffeomorphism is called an isomorphism or an automor- 
phism if it is an isomorphism to itself. For the sake of brevity, a fibred morphism 
over / = IdX usually is said to be a fibred morphism over X, and is denoted 

by Y — >Y'. In particular, a fibred automorphism over X is called a vertical 

x 

automorphism. 

A fibred manifold Y — > X is said to be trivial if Y is isomorphic to the 
product X x V. Different trivializations of Y — > X differ from each other in 
surjections Y — > V. 

A fibred manifold Y — > X is called a fibre bundle if it is locally trivial, i.e., 
if it admits a fibred coordinate atlas {(tt -1 (U^); x x , y 1 )} over a cover {7r — 1 (<7^)} 
of Y which is the inverse image of a cover 11 = {U%} of X. In this case, there 
exists a manifold V, called a typical fibre, such that Y is locally diffcomorphic 
to the splittings 

ip 6 : tt" 1 (£/(;) -> Ui x V, (7.2) 
glued together by means of transition functions 

g ic = V>£ o iP" 1 : U 6 n U c x V -> £/j n C/ c x F (7.3) 

on overlaps t/^ n U(. Restricted to a point x € X, trivialization morphisms ^ 
(|7.2I) and transition functions (|7.3I) define diffeomorphisms of fibres 

^(rc) : y x V, x&U^ (7.4) 
g sc (ar) : V -> V, x e [7 4 n C/ c . ( 7 - 5 ) 

Trivialization charts (U^,ip^) together with transition functions q^q (|7.3|l con- 
stitute a bundle atlas 

* = {(^,^),e«} (7-6) 

of a fibre bundle Y — > X. Two bundle atlases are said to be equivalent if their 
union also is a bundle atlas, i.e., there exist transition functions between trivi- 
alization charts of different atlases. All atlases of a fibre bundle are equivalent, 
and a fibre bundle Y — > X is uniquely defined by a bundle atlas. 

Given a bundle atlas \& (|7.6|) . a fibre bundle Y is provided with the fibred 
coordinates 

x x (y) = (x x oTT)(y), y i (y) = {y i °i(>£)(y)i t/ e t -1 ^), 



called the bundle coordinates, where y l are coordinates on a typical fibre V. 

There is the following useful criterion for a fibred manifold to be a fibre 
bundle. 

Theorem 7.2: A fibred manifold whose fibres are diffeomorphic either to a 
compact manifold or R r is a fibre bundle [BO]- □ 

In particular, a compact fibred manifold is a fibre bundle. 

Theorem 7.3: Any fibre bundle over a contractible base is trivial [H]. □ 

Note that a fibred manifold over a contractible base need not be trivial. It 
follows from Theorem 17.31 that any cover of a base X by domains (i.e., con- 
tractible open subsets) is a bundle cover. 

A fibred morphism of fibre bundles is called a bundle morphism. A bundle 
monomorphism $ : Y —> Y' over X onto a submanifold <f>(Y) of Y' is called a 
subbundle of a fibre bundle Y' —> X. 

The following are the standard constructions of new fibre bundles from old 
ones. 

• Given a fibre bundle ir : Y — > X and a manifold morphism / : X' — > X, 
the pull-back of Y by / is called the manifold 

f*Y = {(x',y)eX'xY : ir(y) = f(x')} 

together with the natural projection (x',y) — > x' . It is a fibre bundle over X' 
such that the fibre of f*Y over a point x' € X' is that of Y over the point 
f(x') <E X. Any section s of a fibre bundle Y — > X yields the pull-back section 
f*s(x') = (x',s{f(x')) otf*Y^X'. 

• If X' C X is a submanifold of X and ix' is the corresponding natural 
injection, then the pull-back bundle 

?x>Y = Y\ x , 

is called the restriction of a fibre bundle Y to the submanifold X' C X. If X 1 
is an imbedded submanifold, any section of the pull-back bundle Y\x> —> X' is 
the restriction to A' of some section of Y — > X. 

• Let 7r : Y — > X and tt' : Y' — > X be fibre bundles over the same base X. 
Their bundle product Y Xx Y' over X is defined as the pull-back 

YxY' = n*Y' or Y xY' = n'*Y 
x x 

together with its natural surjection onto X. Fibres of the bundle product YxY' 
are the Cartesian products Y x x Y^ of fibres of fibre bundles Y and Y 1 . 

• Let us consider the composite fibre bundle 

Y S -> X. (7.7) 

It is provided with bundle coordinates (x A , er m , y l ), where (a: A ,<7 m ) are bundle 
coordinates on a fibre bundle S — > A, i.e., transition functions of coordinates 
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<7 m are independent of coordinates y l . Let h be a global section of a fibre bundle 
E -> X. Then the restriction y h = /i*y of a fibre bundle y -> E to /i(J£) C E 
is a subbundle of a fibre bundle F — > X . 

A fibre bundle tt : Y —> X is called a vector bundle if both its typical fibre 
and fibres are finite-dimensional real vector spaces, and if it admits a bundle 
atlas whose trivialization morphisms and transition functions are linear isomor- 
phisms. Then the corresponding bundle coordinates on Y are linear bundle 
coordinates (y l ) possessing linear transition functions y n = A^{x)y^ . We have 

y = y l e t (n(y)) = yV^(7r(j/)) _1 (ej), n(y) e C/ c , 

where {e^} is a fixed basis for a typical fibre V of Y and {ei(x)} are the fibre 
bases (or the frames) for the fibres Y x of Y associated to a bundle atlas ^. 

By virtue of Theorem 1 7. 1[ any vector bundle has a global section, e.g., the 
canonical global zero- valued section 0(x) = 0. 

Global sections of a vector bundle Y — > X constitute a projective C°°(X)- 
module Y(X) of finite rank. It is called the structure module of a vector bundle. 

There are the following particular constructions of new vector bundles from 
the old ones. 

• Let Y — > X be a vector bundle with a typical fibre V. By Y* — > X is 
denoted the dual vector bundle with the typical fibre V* , dual of V. The interior 
product of Y and Y* is defined as a fibred morphism 

I : Y ® Y* — >X x R. 
J x 

• Let Y — > X and Y' — > X be vector bundles with typical fibres V and V , 
respectively. Their Whitney sum Y ®x Y' is a vector bundle over X with the 
typical fibre V © V . 

• Let Y — > X and Y"' — > X be vector bundles with typical fibres V and V , 
respectively. Their tensor product Y <Eix Y 1 is a vector bundle over X with the 
typical fibre V <E)V . Similarly, the exterior product of vector bundles Y Ax Y' 
is defined. The exterior product 

AY = X xR®Y®AY®---®AY, fc = dimY~-dimX, (7.8) 

XX X 

is called the exterior bundle. 

• If Y' is a subbundle of a vector bundle Y — > X, the factor bundle Y/Y' over 
X is defined as a vector bundle whose fibres are the quotients Y x /Y£, x € X. 

By a morphism of vector bundles is meant a linear bundle morphism, which 
is a linear fibre wise map whose restriction to each fibre is a linear map. 

Given a linear bundle morphism $ : Y' — > Y of vector bundles over X, its 
kernel Ker$ is defined as the inverse image ( 1> _1 (0(X)) of the canonical zero- 
valued section 0(X) of Y. If $ is of constant rank, its kernel and its range are 
vector subbundles of the vector bundles Y' and Y , respectively. For instance, 
monomorphisms and epimorphisms of vector bundles fulfil this condition. 

Remark 7.1: Given vector bundles Y and Y' over the same base X, every 
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linear bundle morphism 

* : Y w 3 { ei (x)} -> {^(x)e' k (x)} g ^ 
over X defines a global section 

$ : x -± ^(x)e l (x) <g> e' fc (a;) 

of the tensor product V ® V* , and vice versa. □ 
A sequence of vector bundles 

o ->• y y y" o (7.9) 

over X is said to be a short exact sequence if it is exact at all terms Y', Y, and 
Y" . This means that i is a bundle monomorphism, j is a bundle epimorphism, 
and Ker j = Imi. Then Y" is isomorphic to a factor bundle Y/Y'. 

One says that the exact sequence (|7.9p is split if there exists a bundle 
monomorphism s : Y" — » y such that j o s = Idy" or, equivalently, 

y = i(y')es(y") - y' ®y". 



Theorem 7.4: Every exact sequence of vector bundles (|7.9p is split. □ 

The tangent bundle TZ and the cotangent bundle T*Z of a manifold Z 
exemplify vector bundles. The cotangent bundle of a manifold Z is the dual 
T*Z — > Z of the tangent bundle TZ — > Z. It is equipped with the holonomic 
coordinates 



with respect to the coframes {dz x } for T*Z which are the duals of {9a}- 
The tensor product of tangent and cotangent bundles 

m k 

T = (®TZ)®((g>T*Z), m,k£N, (7.10) 

is called a tensor bundle, provided with holonomic bundle coordinates i^V.^J™ 
possessing transition functions 

r)z' ai Bz lotm Bz Vl Bz Uk 

Pl-Ph g z vi g z v m Q z l/3i Q z il3 k vx—Vh ■ 

Let Try ■ TY — > Y be the tangent bundle of a fibred manifold it : Y — » 
X. Given fibred coordinates (x x ,y l ) on Y, it is equipped with the holonomic 
coordinates (x x ,y l ,x x ,y l ). The tangent bundle TY — > Y has the subbundle 
VY = Ker(T7r), which consists of the vectors tangent to fibres of Y. It is 
called the vertical tangent bundle of Y, and it is provided with the holonomic 
coordinates (x x ,y l ,y l ) with respect to the vertical frames {di}. Every fibred 
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morphism $ : Y — > Y' yields the linear bundle morphism over $ of the vertical 
tangent bundles 

V^:VY^VY', y n oV<5> = —y 3 . (7.11) 

It is called the vertical tangent morphism. 

In many important cases, the vertical tangent bundle VY —¥ Y of a fibre 
bundle Y — > X is trivial, and it is isomorphic to the bundle product 

VY = YxY, (7.12) 

where Y — > X is some vector bundle. One calls (|7.12j) the vertical splitting. For 
instance, every vector bundle Y —¥ X admits the canonical vertical splitting 

VY = Y(SY. (7.13) 

The vertical cotangent bundle V*Y — >• Y of a fibred manifold Y — > X 
is defined as the dual of the vertical tangent bundle VY — > Y. It is not a 
subbundle of the cotangent bundle T*Y, but there is the canonical surjection 

C : T*Y 3 x x dx x + Vl dy l -> fcdy* G V*Y, (7.14) 

where the bases {dy 1 }, possessing transition functions 

-dy'^ d -ffdy\ 

dyJ 

are the duals of the vertical frames {di} of the vertical tangent bundle VY. 
For any fibred manifold Y, there exist the exact sequences of vector bundles 

O^VY — >TY^YxTX^0, (7.15) 
x 

0^YxT*X ^T*Y ^V*Y ^0. (7.16) 
x 

Their splitting, by definition, is a connection on Y — > X. 

Let 7f : Y — >• X be a vector bundle with a typical fibre V. An affine bundle 
modelled over the vector bundle Y — >• X is a fibre bundle i : 7 -> 1 whose 
typical fibre V is an affine space modelled over V, all the fibres Y x of Y are 
affine spaces modelled over the corresponding fibres Y x of the vector bundle Y, 
and there is an affine bundle atlas 

* = {(U a ,^ x ),g xC } 

of Y — > X whose local trivializations morphisms "0x (ELS! an d transition func- 
tions p x £ (|7.5p are affine isomorphisms. Dealing with affine bundles, we use only 
affine bundle coordinates (y l ) associated to an affine bundle atlas ty. 

By virtue of Theorem l7.U affine bundles have global sections, but in contrast 
with vector bundles, there is no canonical global section of an affine bundle. 
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By a morphism of affine bundles is meant a bundle morphism $ : Y — > Y' 
whose restriction to each fibre of Y is an affine map. It is called an affine bundle 
morphism. Every affine bundle morphism $ : Y Y' of an affine bundle Y 
modelled over a vector bundle Y to an affine bundle Y' modelled over a vector 
bundle Y yields an unique linear bundle morphism 

— — —I _ d& 

$>-.y^y, fof = —y\ 

oy 3 

called the linear derivative of <f>. 

Every affine bundle Y — > X modelled over a vector bundle Y — > X admits 
the canonical vertical splitting 

VY = YxY. (7.17) 



7.2 Vector and multivector fields 

Vector fields on a manifold Z are global sections of the tangent bundle TZ —> Z. 

The set T\{Z) of vector fields on Z is both a C°°(Z)-module and a real Lie 
algebra with respect to the Lie bracket 

u = u x d\, v = v x d\, 
[v,u] = {v x d x u>* -u x d x v^)d^. 

Given a vector field u on X, a curve c : 1 D (, ) ^ 2 in Z is said to be 
an integral curve of u if Tc = u(c). Every vector field u on a manifold Z can 
be seen as an infinitesimal generator of a local one-parameter group of local 
diffeomorphisms (a flow), and vice versa [51] . One-dimensional orbits of this 
group are integral curves of u. 

Remark 7.2: Let U C Z be an open subset and e > 0. Recall that by a 
local one-parameter group of local diffeomorphisms of Z defined on (— e, e) X U 
is meant a map 

G : (-e, e)xU3 (t, z) -> G t {z) 6 Z 

which possesses the following properties: 

• for each t G (— e, e), the mapping Gt is a diffeomorphism of U onto the 
open subset G t (U) C Z; 

• G t +t> (z) = (G t o Gt/)(«) if t + H g (-e, e). 

If such a map G is defined on R x Z, it is called the one-parameter group of 
diffeomorphisms of Z . If a local one-parameter group of local diffeomorphisms 
of Z is defined on (— e, e) x Z, it is uniquely prolonged onto K x Z to a one- 
parameter group of diffeomorphisms of Z |51j . As was mentioned above, a local 
one-parameter group of local diffeomorphisms G on U C Z defines a local vector 
field u on t/ by setting w(z) to be the tangent vector to the curve s(t) — G t {z) at 
t = 0. Conversely, let u be a vector field on a manifold Z. For each z£Z, there 
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exist a number e > 0, a neighborhood U of z and a unique local one-parameter 
group of local diffcomorphisms on (— e, e) x U, which determines u. □ 

A vector field is called complete if its flow is a one-parameter group of dif- 
feomorphisms of Z . 

Theorem 7.5: Any vector field on a compact manifold is complete. □ 

A vector field u on a fibred manifold Y — > X is called projectable if it is 
projected onto a vector field on X, i.e., there exists a vector field r on X such 
that 



t o n = Ttt o u. 



A projectable vector field takes the coordinate form 

u = u x (x»)d x + u i (x»,y j )d i , r = u x d X - (7.18) 

A projectable vector field is called vertical if its projection onto X vanishes, i.e., 
if it lives in the vertical tangent bundle VY. 

A vector field t = r x d\ on a base X of a fibred manifold Y — > X gives 
rise to a vector field on Y by means of a connection on this fibre bundle (see 
the formula (|7.5T|) below). Nevertheless, every tensor bundle (|7.10[) admits the 
functorial lift of vector fields 

r = + [d„T^x™>:£™ + ...- d^±X7 k - ■ ■ ]df-t h m , (7-19) 
where we employ the compact notation 

dx = W' (7 - 20) 

This lift is an R-linear monomorphism of the Lie algebra 71 (X) of vector fields 
on X to the Lie algebra 7i(Y) of vector fields on Y. In particular, we have the 
functorial lift 

d_ 

d± a 

of vector fields on X onto the tangent bundle TX and their functorial lift 



T »d li + d u T a x v — (7.21) 



d_ 

dip 



T^d^-dp^x,,— (7.22) 



onto the cotangent bundle T*X. 

Let Y — > X be a vector bundle. Using the canonical vertical splitting (|7.13j) . 
we obtain the canonical vertical vector field 

u Y = y l d, (7.23) 

on Y, called the Liouville vector field. 
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A multivector field i? of degree = r (or, simply, an r- vector field) on a 
manifold Z is a section 

= ^ Al - v <9 Al A---A0A (7.24) 
r! 

r 

of the exterior product ATZ — ► Z. Let T r {Z) denote the C°°(Z)-module space 
of r-vector fields on Z . All multivector fields on a manifold Z make up the 
graded commutative algebra %(Z) of global sections of the exterior bundle 
ATZ (|7.8I) with respect to the exterior product A. 

The graded commutative algebra %(Z) is endowed with the Schouten - 
Nijcnhuis bracket 

[., .] SN : %(Z) X %{Z) -+ Tr+.-l(Z), (7.25) 
[$,v]sN = ti»V + (-l) rs vtf, 

0»v = -^-(^ X2 - K d tl v ai - "'dx 2 A • • • A d x A 8 ai A • • • A d a ). 
r!s! 

This generalizes the Lie bracket of vector fields. It obeys the relations 

Msn = (-i) |,?IH M]s N , 

[u, I? A W ] SN = h ^]sn A « + (-l)(IH-i)l*ltf A [l/, u] SN . 
The Lie derivative of a multivector field $ along a vector field u is defined as 
h u v = [u, #]sn, qquadL u (d An) = L u $ A w + i? A L„v. 

7.3 Differential forms 

An exterior r-form on a manifold Z is a section 

= 4<K A dz Xl A • • ■ A dz Ar 
r! 

r 

of the exterior product t\T* Z — > Z, where 

dz Xl A ■ • • A dz K = — e Al - Ar Hl „ (g) • • • <g> dz^ r , 

_ _ _ ...Xt...Xj... 

c ...fi p ...fj. k ... c .../t p . ../*(,... — c ...fl k ...fJ, p ..., 

Ai...A r _ i 

e Ai...A r — 1- 

Sometimes, it is convenient to write 

= ^Ax...A r ^ Al A • • • A dz^ 

without the coefficient 1/H. 

Let C'(.Z') denote the C°°(Z)-module of exterior r-forms on a manifold Z. 
By definition, O (Z) = C°°(Z) is the ring of smooth real functions on Z. All 
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exterior forms on Z constitute the graded algebra (D*(Z) of global sections of 
the exterior bundle AT* Z (|7.8I) endowed with the exterior product 



4>=—,(t>\ 1 x dz Xl A • • • A dz Xr , < J =—a ll , „ dz^ 1 A • • • A dz^ 3 , 
r! si 

<P A <J = -T-Av 1 ...u- r Vv r . +1 ...v r+3 d zVl A • • • A dz" r + 3 = 
r!s! 

\ f?>\-VT + Z A n A 7 a\ A . . . A fj 7 a r+s 

r!s!(r + s)\ 

such that 

<j>Aa= (-l)l^l ff lo-A^, 

where the symbol \cf>\ stands for the form degree. The algebra 0*(Z) also is 
provided with the exterior differential 



1 



= dz^ A d^cj) = - 1 1 d f ,(l>x 1 ...x r dz fl A dz Xl A • • • A dz K 



r 



which obeys the relations 

d o d = 0, d((f> A a) = d(4>) A a + A d(cr). 

The exterior differential d makes 0*(Z) into a differential graded algebra, called 
the exterior algebra. 

Given a manifold morphism / : Z — > Z' , any exterior fc-form ef> on yields 
the pull-back exterior form f*4> on Z given by the condition 

r<t>(v\. . .,v k )(z) = HTfiv 1 ), . . .,Tf(v k ))(f(z)) 

for an arbitrary collection of tangent vectors v 1 , - ■ ■ ,v k £ T Z Z. We have the 
relations 

f (0A<t)=/*0A/V, df> = /*(#). 

In particular, given a fibred manifold 7r : Y — > X, the pull-back onto Y of 
exterior forms on X by 7r provides the monomorphism of graded commutative 
algebras 0*(X) -> 0*(Y). Elements of its range tt*0*(X) are called basic 
forms. Exterior forms 



Y^/\T*X, 6 = — ( f )Xl A dx Xl A ■ ■ • A dx x 



on Y such that u\ <j> = for an arbitrary vertical vector field u on F are said to 
be horizontal forms. Horizontal forms of degree n = dimX are called densities. 

In the case of the tangent bundle TX — > X, there is a different way to lift 
exterior forms on X onto TX [33]. Let / be a function on X. Its tangent lift 
onto TX is defined as the function 

J=± X d x f. (7.26) 
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Let a be an r-form on X. Its tangent lift onto TX is said to be the r-form a 
given by the relation 

o?(fi, ... ,r r ) = <7(n, . . . ,r r ), (7.27) 

where Tj are arbitrary vector fields on X and Tj are their functorial lifts (|7.21l) 
onto TX. We have the coordinate expression 



1 

rV 

Al A A ,J„,A r 



(T = -^(JAi -A eb Al A • • • A dar^, 
r! 

5 = ^[i Ai a AI cr Al ... Ar dx Al A • • • A efe^ + (7.28) 



r 



^2a Xl ...\ r dx Xl A • • • A dx Xi A---Adx Xr ]. 

i=l 

The following equality holds: 

da = da. (7.29) 

The interior product (or contraction) of a vector field u and an exterior 
r-form <j> on a manifold Z is given by the coordinate expression 

= ^ M Afc 0A 1 ...A fe ...A r dz Al A ■ • ■ A dz A • • ■ A dz Ar = 

fc=i 
1 



:U / "</> M a 2 ...a I .dz Q;2 A • • • A dz™'', 



(r-1)! ^ Q2 ' 
where the caret ~ denotes omission. It obeys the relations 
4>(ui,...,u r ) = u r \ ■■■Ui\(j), 

wJ(0Acr) =wj0Acr + (-l) l0l < ? !)AuJf7. (7.30) 

The Lie derivative of an exterior form <p along a vector field u is 

L u = uJc?0 + d(uJ(/>), (7.31) 
L u (0Acr) = L u A er + <M Lucr- (7.32) 

In particular, if / is a function, then 

Ln/ = u(f) = u\df. 

An exterior form (f> is invariant under a local one-parameter group of diffeo- 
morphisms Gt of Z (i.e., G^<f> = <j)) iff its Lie derivative along the infinitesimal 
generator u of this group vanishes, i.e., 

l> u <t> = 0. 

Following physical terminology (Definition I4.9[) , we say that a vector field u is 
a symmetry of an exterior form <f>. 
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A tangent-valued r-form on a manifold Z is a section 
<f> = —4% x , Ar rfz Al A • • • A dz Xr <g 9 M 
of the tensor bundle 

AT*Z ®TZ -> Z. 

Remark 7.3: There is one-to-one correspondence between the tangent-valued 
one-forms <f> on a manifold Z and the linear bundle endomorphisms 

$:TZ^TZ, % : T Z Z 3 v -> v\4>{z) e T Z Z, (7.33) 
0* :T*Z ^T*Z, (j>* : T*Z 9 v* — > 0(z)Jw* 6 T*Z, (7.34) 

over Z (Remark 17. ip . For instance, the canonical tangent- valued one-form 

Z = dz x <g d A (7.35) 

on Z corresponds to the identity morphisms ()7.33p and (|7.34[) . □ 

The space 0*(Z) ® Ti(Z) of tangent- valued forms is provided with the 
Frolicher - Nijenhuis bracket 

[,]fn :O r (Z)®Ti{Z) x O s (Z)®Ti{Z)^O r+s {Z)®Ti{Z), 
[a ® u, /3® w]fn = (a A /?) ® [u, u] + (a A L u /3) ® u - 

(L„a A /3) ® u + (~l) r {da A uJ/3) ® v + (-l) r (v\a A d/3) <8> u, 
aeO r (Z), |5cO s (Z), u,«e7i(Z). 

Its coordinate expression is 

r( t>X x ...X r ^v d K^\ r+1 ...\ r+a + S ^u\ r . +2 ...\ r . +B d K+x ( t>\ 1 ...\ r ) 

dz Xl A • • • A (te Ar+s (g dp, 
cj)EO r {Z)®Ti(Z), ae O s {Z)®Ti{Z). 

There are the relations 

[ ( /», f 7] FN = (-l)l*^l + 1 [(T^] FN , 

[<P, W, 0}fn}fn = [[</>, ^]fn; ^]fn + (-l)WM [a, [0, #]fn]fn, 
(j),a,9 £ 0*(Z) (g) 7i(Z). 

Given a tangent-valued form 0, the Nijenhuis differential on 0*(Z) <g> Ti{Z) 
is defined as the morphism 

d9:V->-d9^=[0,#™, ^eO*(Z)®7i(Z). 
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In particular, if <j> is a tangent-valued one-form, the Nijcnhuis differential 



d<$ = [(f), cf>] FN = (7.36) 

is called the Nijenhuis torsion. 

Let Y — > X be a fibred manifold. We consider the following subspaces of 
the space 0*{Y) <X> T\(Y) of tangent- valued forms on Y: 

• horizontal tangent-valued forms 

<p : Y ->■ AT*X®TY, 

Y 

4> = dx Al A • • • A dx A " ® ... A »ft, + ^ Ai ...a,.(2/)^], 

• vertical-valued form 

: y -> A T*X (giVY, <f>= \ (y)dx Xl A • • • A dx Xr ® ft, 

• vertical-valued one-forms, called soldering forms, 

a = a l x (y)dx x ® ft. (7.37) 

7.4 Distributions and foliations 

A subbundle T of the tangent bundle TZ of a manifold Z is called a regular 
distribution (or, simply, a distribution). A vector field m on 2 is said to be 
subordinate to a distribution T if it lives in T. A distribution T is called 
involutive if the Lie bracket of T-subordinate vector fields also is subordinate 
to T. 

A subbundle of the cotangent bundle T*Z of Z is called a codistribution T* 
on a manifold Z. For instance, the annihilator AnnT of a distribution T is a 
codistribution whose fibre over z £ Z consists of covectors w € T* such that 
v\ w = for all v eT z . 

The following local coordinates can be associated to an involutive distribu- 
tion [87]. 

Theorem 7.6: Let T be an involutive r-dimensional distribution on a manifold 
Z, dimZ = k. Every point z £ Z has an open neighborhood U which is a 
domain of an adapted coordinate chart (z 1 , . . . , z k ) such that, restricted to U, 
the distribution T and its annihilator AnnT are spanned by the local vector 
fields d/dz 1 , • • • , d/dz r and the local one-forms dz r+1 , . . . , dz k , respectively. □ 

A connected submanifold TV of a manifold Z is called an integral manifold 
of a distribution T on Z if TN C T. Unless otherwise stated, by an integral 
manifold is meant an integral manifold of dimension of T. An integral manifold 
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is called maximal if no other integral manifold contains it. The following is the 
classical theorem of Frobenius [5lJ [87] . 

Theorem 7.7: Let T be an involutive distribution on a manifold Z. For any 
z G Z, there exists a unique maximal integral manifold of T through z, and any 
integral manifold through z is its open subset. □ 

Maximal integral manifolds of an involutive distribution on a manifold Z are 
assembled into a regular foliation F of Z. A regular r-dimensional foliation (or, 
simply, a foliation) J 7 of a fc-dimensional manifold Z is defined as a partition 
of Z into connected r-dimensional submanifolds (the leaves of a foliation) F L , 
l e /, which possesses the following properties [701 152] , 

A manifold Z admits an adapted coordinate atlas 

{(C/ C ;z\z 1 )}, A=l,...,fc-r, t = l,...,r, (7.38) 

such that transition functions of coordinates z A are independent of the remaining 
coordinates z % . For each leaf F of a foliation F, the connected components of 
FnU^ are given by the equations z x =const. These connected components and 
coordinates (z l ) on them make up a coordinate atlas of a leaf F. It follows that 
tangent spaces to leaves of a foliation F constitute an involutive distribution 
TF on Z, called the tangent bundle to the foliation F. The factor bundle VF — 
TZ/TF, called the normal bundle to F, has transition functions independent 
of coordinates z % . Let TF* — > Z denote the dual of TF — > Z. There are the 
exact sequences 

O^TF ^>TI — >VF^0, (7.39) 
-» Ann TF — > T*X ^ TF* ->■ (7.40) 

of vector bundles over Z. 

A pair (Z,F), where J 7 is a foliation of Z, is called a foliated manifold. It 
should be emphasized that leaves of a foliation need not be closed or imbedded 
submanifolds. Every leaf has an open saturated neighborhood U, i.e., if z G U, 
then a leaf through z also belongs to U. 

Any submersion £ : Z M yields a foliation 

F = {F p = C l {p)} P e«z) 

of Z indexed by elements of (,(Z), which is an open submanifold of M, i.e., 
Z —> ((Z) is a fibred manifold. Leaves of this foliation are closed imbedded 
submanifolds. Such a foliation is called simple. Any (regular) foliation is locally 
simple. 

Example 7.4: Every smooth real function / on a manifold Z with nowhere 
vanishing differential df is a submersion Z — ¥ R. It defines a one-codimensional 
foliation whose leaves are given by the equations 

f(z) = c, cef(Z) CR. 
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This is the foliation of level surfaces of the function /, called a generating 
function. Every one-codimensional foliation is locally a foliation of level surfaces 
of some function on Z . The level surfaces of an arbitrary smooth real function 
/ on a manifold Z define a singular foliation T on Z [3H). Its leaves are not 
submanifolds in general. Nevertheless if df(z) ^ 0, the restriction of T to some 
open neighborhood U of z is a foliation with the generating function f\u. □ 

Let J 7 be a (regular) foliation of a fc-dimensional manifold Z provided with 
the adapted coordinate atlas (|7.38l) . The real Lie algebra 71 (J 7 ) of global sections 
of the tangent bundle TT — > Z to T is a C°°(Z)-submodule of the derivation 
module of the IR-ring C°°(Z) of smooth real functions on Z. Its kernel Sj^(Z) C 
C ca {Z) consists of functions constant on leaves of J- . Therefore, Ti(J-) is the 
Lie <SjF(Z)-algebra of derivations of C°°(Z), regarded as a Sjr{Z)-v'mg. Then 
one can introduce the leafwise differential calculus [3H |37] as the Chevalley - 
Eilenberg differential calculus over the S^i^-ring C°°(Z). It is defined as a 
subcomplex 

-> S T (Z) — > C°°(Z) A 3*(Z) • ■ ■ A ^'"^(Z) -> (7.41) 

of the Chevalley - Eilenberg complex of the Lie 5'jr(Z)-algebra Ti(T) with co- 
efficients in C°°(Z) which consists of C°°(Z)-multilinear skew-symmetric maps 

X Ti{F) -> C°°(Z), r = l,...,dimJ\ 

r 

These maps are global sections of exterior products A TF* of the dual TJ 7 * — > Z 
of TJ 7 — > Z. They are called the leafwise forms on a foliated manifold (Z,T), 
and are given by the coordinate expression 

<f> = 4<^i i dz 11 A • • • A dz lr , 
r\ 

where {dz 1 } are the duals of the holonomic fibre bases {di} for TT . Then one 
can think of the Chevalley - Eilenberg coboundary operator 

d(j> = dz k A d k cf) = ^dk^i, i dz k A dz h A • • • A dz %r 
r\ 

as being the leafwise exterior differential. Accordingly, the complex (|7.41[) is 
called the leafwise de Rham complex (or the tangential de Rham complex). 

Let us consider the exact sequence (|7.40l) of vector bundles over Z. Since 
it admits a splitting, the epimorphism i*jr yields that of the algebra 0*{Z) of 
exterior forms on Z to the algebra 5"* (Z) of leafwise forms. It obeys the condition 
i*jr o d = d o ij., and provides the cochain morphism 

z> : (R, 0*(Z), d) -> (SAZ), T*(Z), d), (7.42) 
dz x -> 0, dz % -> dz\ 

of the de Rham complex of Z to the leafwise de Rham complex (|7.4ip . 
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Given a leaf if ■ F — > Z of J 7 , we have the pull-back homomorphism 

(K, O* (Z), d) -> (K, 0* (-F), d) (7.43) 
of the de Rham complex of Z to that of F. 

Proposition 7.8: The homomorphism (|7.43l) factorize through the homomor- 
phism [37]. □ 

7.5 Differential geometry of Lie groups 

Let G be a real Lie group of dim G > 0, and let L 9 : G —> gG and R g : G — s- G.g 
denote the action of G on itself by left and right multiplications, respectively. 
Clearly, L g and R g > for all g,g' £ G mutually commute, and so do the tangent 
maps TL g and TR g >. 

A vector field £j (resp. £ r ) on a group G is said to be left-invariant (resp. 
right-invariant) if o L g = TL g o (resp. £ r ° Rg = TR g o £ r ). Left-invariant 
(resp. right-invariant) vector fields make up the left Lie algebra 0; (resp. the 
right Lie algebra g r ) of G. 

There is one-to-one correspondence between the left-invariant vector field 
(resp. right-invariant vector fields on G and the vectors £z(e) = TL g -i^i(g) 
(resp. £ r (e) = TR g -i£i(g)) of the tangent space T e G to G at the unit element e 
of G. This correspondence provides T e G with the left and the right Lie algebra 
structures. Accordingly, the left action L g of a Lie group G on itself defines its 
adjoint representation 

£ r -> Ad 0(£ r ) = TL 5 o ^ o L s _i (7.44) 

in the right Lie algebra g r . 

Let {e m } (resp. {£ m }) denote the basis for the left (resp. right) Lie algebra, 
and let c^ nn be the right structure constants 

r i k 

There is the morphism 

P ■ 01 9 Cm -t £m = -Em € 0r 

between left and right Lie algebras such that 

l k 

The tangent bundle 7Tg : TG — > G of a Lie group G is trivial. There are the 
following two canonical isomorphisms 

ei : TG 3 q -> ( 5 = 7r G (g), TL^fo)) eGx 8l , 
£> r : TG 9 q -> ( ff = 7r G (q),TR; 1 (q)) e G x flr . 
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Therefore, any action 

G x Z 3 (g,z) ^ gz e Z 

of a Lie group G on a manifold Z on the left yields the homomorphism 

r 3e-K e eTi(Z) (7.45) 

of the right Lie algebra g r of G into the Lie algebra of vector fields on Z such 
that 

^Adg(e) = T 9 ° ° 9~ X • (7-46) 

Vector fields £ £ are said to be the infinitesimal generators of a representation of 
the Lie group G in Z. 

In particular, the adjoint representation (|7.44l) of a Lie group in its right Lie 
algebra yields the adjoint representation 

e' : e -t ade'(e) = [e',e], ade m (e„) = c k mn e k , 

of the right Lie algebra g r in itself. 

The dual g* = T*G of the tangent space T e G is called the Lie coalgebra). It 
is provided with the basis {e m } which is the dual of the basis {e m } for T e G. The 
group G and the right Lie algebra g r act on g* by the coadjoint representation 

(Ad*g(e*),e) = (e* , Ad g' 1 (e)) , e* e g* , e e g r , (7.47) 
(adV(e*) >e ) = -< e * > [e', e ]) > e' e g r , 
ad e TO (e n ) = — c^ fc £ fe . 

The Lie coalgebra g* of a Lie group G is provided with the canonical Poisson 
structure, called the Lie - Poisson structure [TJ[55]. It is given by the bracket 

{f,g}LP = (e*,[df(e*),dg(e*)]), f,geC°°(g*), (7.48) 

where df(e*),dg(e*) € g r are seen as linear mappings from T E .g* = g* to R. 
Given coordinates Zfe on 0* with respect to the basis {s k }, the Lie - Poisson 
bracket (|7.48p and the corresponding Poisson bivector field w read 

{/, 3}lp = c k nn z k d m fd n g, w mn = c k mn z k . 

One can show that symplectic leaves of the Lie - Poisson structure on the 
coalgebra 0* of a connected Lie group G are orbits of the coadjoint representation 
(fT47l) of G on 0* [88]. 

7.6 Jet manifolds 

This Section collects the relevant material on jet manifolds of sections of fibre 
bundles gDj E3 ESJ [73 [78] . 

Given a fibre bundle Y — > X with bundle coordinates (x x ,y l ), let us consider 
the equivalence classes j^s of its sections s, which are identified by their values 
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s t (x) and the values of their partial derivatives d )1 s' l {x) at a point x G X. They 
are called the first order jets of sections at x. One can justify that the definition 
of jets is coordinate- independent. A key point is that the set J Y Y of first order 
jets j^s, x £ X, is a smooth manifold with respect to the adapted coordinates 
(x x ,y l ,y\) such that 

ylijls) = d x s\x\ y'\ = — x (3„ + yld 3 )y'\ (7.49) 

ox' 

It is called the first order jet manifold of a fibre bundle Y — » X. 
A jet manifold J x y admits the natural fibrations 

tt 1 : J X Y 3 jls -> x G A, (7.50) 
?rj : J 1 ^ 3 j> -> s(x) G V. (7.51) 

A glance at the transformation law (|7.49|) shows that 7Tq is an affine bundle 
modelled over the vector bundle 

T*X®VY -+Y. (7.52) 

It is convenient to call tt 1 (|7.50|) the jet bundle, while 7Tq (|7.51j) is said to be the 
affine jet bundle. 

Let us note that, if Y —> X is a vector or an affine bundle, the jet bundle tt\ 
(|7T50| is so. 

Jets can be expressed in terms of familiar tangent-valued forms as follows. 
There are the canonical imbeddings 



dx x ®d x , (7.53) 

9 l ®d t , (7.54) 

where d\ are said to be total derivatives, and Q % are called contact forms. 

We further identify the jet manifold J X Y with its images under the canonical 
morphisms (|7.53|) and (|7.54[) . and represent the jets j\s = (x x , y l , y % ) by the 
tangent- valued forms A(i) <|7.53j) and Om (|7.54|) . 

Sections and morphisms of fibre bundles admit prolongations to jet manifolds 
as follows. 

Any section s of a fibre bundle Y — > X has the jet prolongation to the section 

(J 1 S )(x)=j>, y{ojh = d x s i (x), 

of the jet bundle J X Y — >• X. A section of the jet bundle J X Y —> X is called 
integrable if it is the jet prolongation of some section of a fibre bundle Y — > X. 



Am : J X Y -^T*X®TY, 

v i y Y 

A (1) = dx x ® (d x + y\d{) = 
0m : J X Y -^T*Y®VY, 

y ' Y Y 

0(i) = (dy l - y\dx x ) ® ft = 
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Any bundle morphism $ : Y — > Y' over a diffeomorphism / admits a jet 
prolongation to a bundle morphism of affine jet bundles 

J 1 * : J l Y — ► ^Y', y'\ o J 1 * = QL^L-d^. 
$ aa;' A 

Any projectable vector field u (|7.18|l on a fibre bundle Y — >• AT has a jet 
prolongation to the projectable vector field 

J x u = u x d x + u% + {d x u l - y* 

on the jet manifold J l Y . 

7.7 Connections on fibre bundles 

There are different equivalent definitions of a connection on a fibre bundle Y — > 
X. We define it both as a splitting of the exact sequence (|7.15|) and a global 
section of the affine jet bundle J l Y gDJ [SHI H3] • 

A connection on a fibred manifold Y — > X is defined as a splitting (called 
the horizontal splitting) 

r : Yx TA ^TY, V : x x 8 x -> i A (d A + r A (y)c> 4 ), (7.55) 

i A a A + y i a 4 - i A (d A + r* A a») + {f - x x r\)a h 

of the exact sequence (|7.15l) . Its range is a subbundle of TY — > Y called the 
horizontal distribution. By virtue of Theorem 17.41 a connection on a fibred 
manifold always exists. A connection T (|7.55|) is represented by the horizontal 
tangent- valued one-form 

r = dx x ® (d x + T{di) (7.56) 

on Y which is projected onto the canonical tangent-valued form Ox (|7.35|) on 
X. 

Given a connection Y on a fibred manifold Y — > X , any vector field r on a 
base X gives rise to the projectable vector field 

Yt = t\Y = r x (d x + Y\d l ) (7.57) 

on Y which lives in the horizontal distribution determined by Y. It is called the 
horizontal lift of r by means of a connection Y. 

The splitting (|7.55|) also is given by the vertical- valued form 

T = {dy l - Y\dx x ) eg) d t , (7.58) 

which yields an epimorphism TY — > VY. 

In an equivalent way, connections on a fibred manifold Y — > X are introduced 
as global sections of the affine jet bundle J 1 Y — > Y. Indeed, any global section Y 
of J 1 Y — > Y defines the tangent-valued form Ai o r (|7.56j) . It follows from this 
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definition that connections on a fibred manifold Y — > X constitute an affine 
space modelled over the vector space of soldering forms a (|7.37l) . One also 
deduces from (|7.49p the coordinate transformation law of connections 



Remark 7.5: Any connection L on a fibred manifold Y — >• X yields a hori- 
zontal lift of a vector field on X onto Y, but need not defines the similar lift of 
a path in X into Y. Let 

M D [, ] 3 t -> x(t) eX, R 3 t -» j/(t) e y, 

be smooth paths in X and Y, respectively. Then t — > y(i) is called a horizontal 
lift of x(t) if 

7r(y(t)) = x(t), y{t) e Jr v(t) y, t e m, 

where -HY C TY is the horizontal subbundle associated to the connection L. 
If, for each path x(t) (t < t < ti) and for any y e Tr^ 1 (x(t )), there exists 
a horizontal lift y(t) (to < t < t\) such that y(to) = yo, then L is called the 
Ehresmann connection. A fibred manifold is a fibre bundle iff it admits an 
Ehresmann connection |44j . □ 

Hereafter, we restrict our consideration to connections on fibre bundles. The 
following are two standard constructions of new connections from old ones. 

• Let Y and Y 1 be fibre bundles over the same base X. Given connections 

r on Y and r" on Y', the bundle product Y x Y 1 is provided with the product 

x 

connection 

rxr' = ^^(a A + r A A + r' A ^). (7.59) 

• Given a fibre bundle Y — > X, let / : X' — > X be a manifold morphism and 
/*y the pull-back of Y over X'. Any connection T (|7.58[) onY^l yields the 
pull-back connection 

rr = Uf - r{(F(x'n,y j )^dx'^ ® 9, (7.60) 

on the pull-back bundle /*Y — > A'. 

Every connection T on a fibre bundle Y — > A defines the first order differ- 
ential operator 

D r : J 1 Y -> T*A <g> YY, (7.61) 
# r = Ax - T o ttJ = (y{ - T\)dx x ® 9,, 

on Y called the covariant differential. If s : X — > Y is a section, its covariant 
differential 

V r s = L> r o J 1 ,? = (<9 A s l - T\ o s)da; A ® d { 
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and its covariant derivative V^s = TjV r s along a vector field r on X are 
introduced. In particular, a (local) section s of Y — > X is called an integral 
section for a connection T (or parallel with respect to T) if s obeys the equivalent 
conditions 

V r s = or J 1 s = Tos. 

Let r be a connection on a fibre bundle Y — > X. Given vector fields r, r' on 
X and their horizontal lifts Ft and IY' (17.571) on Y, let us consider the vertical 
vector field 

R(t,t') = r[r,r'] - [IV, IV] = tV^S 4 , 

^ = d x vi - d»v\ + rfor* - rja,-ri. 

It can be seen as the contraction of vector fields r and r' with the vertical- valued 
horizontal two-form 

R= ~[I\r] FN = ^R\^dx x Adx»®di (7.62) 

on Y called the curvature form of a connection T. 

A flat (or curvature-free) connection is a connection T on a fibre bundle 
Y — » X which satisfies the following equivalent conditions: 

• its curvature vanishes everywhere on Y; 

• its horizontal distribution is involutive; 

• there exists a local integral section for the connection T through any point 
yeY. 

By virtue of Theorem 17. 71 a flat connection T yields a foliation of Y which 
is transversal to the fibration Y — > X. It called a horizontal foliation. Its 
leaf through a point y € Y is locally defined by an integral section s y for 
the connection T through y. Conversely, let a fibre bundle Y — » X admit a 
horizontal foliation such that, for each point y G Y, the leaf of this foliation 
through y is locally defined by a section s y of Y — > X through y. Then the map 

T: Y3y^jl (y)Sy e J X Y 

sets a flat connection on Y — > X. Hence, there is one-to-one correspondence 
between the flat connections and the horizontal foliations of a fibre bundle Y — > 
X. 

Given a horizontal foliation of a fibre bundle Y — > X, there exists the as- 
sociated atlas of bundle coordinates (x x ,y l ) on Y such that every leaf of this 
foliation is locally given by the equations y l =const., and the transition func- 
tions y l — > y' l {y^) are independent of the base coordinates x x [ID]. It is called 
the atlas of constant local trivializations. Two such atlases are said to be equiv- 
alent if their union also is an atlas of the same type. They are associated to the 
same horizontal foliation. Thus, the following is proved. 

Theorem 7.9: There is one-to-one correspondence between the fiat connections 
r on a fibre bundle Y — > X and the equivalence classes of atlases of constant 
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local trivializations of Y such that V = dx x © d x relative to the corresponding 
atlas. □ 

Example 7.6: Any trivial bundle has flat connections corresponding to its 
trivializations. Fibre bundles over a one-dimensional base have only flat con- 
nections. □ 

Let Y — > A be a vector bundle equipped with linear bundle coordinates 
(x x ,y l ). It admits a linear connection 

r = dx x © (d x + r x i j (x)y j d i ). (7.63) 

There are the following standard constructions of new linear connections from 
old ones. 

• Any linear connection T (|7.63[) on a vector bundle Y — > A defines the dual 
linear connection 

r* = dx x ®{d x ~Y x i l {x)y 1 d l ) (7.64) 

on the dual bundle Y* — >• X. 

• Let F and F' be linear connections on vector bundles Y — > X and Y 1 — > X, 
respectively. The direct sum connection T ffi T' on the Whitney sum Y ffi Y' of 
these vector bundles is defined as the product connection (|7.59[) . 

• Similarly, the tensor product Y © Y 1 of vector bundles possesses the tensor 
product connection 



r © r' = dx x 



d x + (T x i j y^ + T' x \ y ib )-^. ( 



(7.65) 



The curvature of a linear connection F (17.63)) on a vector bundle Y —> X is 
usually written as a Y-valued two-form 

R = -Rx^j{x)y j dx x A efe^ © e u (7.66) 

-"•A^ j — 0\l M j — 0^1 J ] + 1 A ^ — 1 ^ jl A hi 

due to the canonical vertical splitting VY = YxY, where {di} = For any 
two vector fields r and r' on A, this curvature yields the zero order differential 
operator 

R(r, t')s = ([\7 r T ,\7 r T ,] - Vf_,]) S (7.67) 

on section s of a vector bundle Y — > X. 

Let us consider the composite bundle Y — > S — > X (|7.7I) . coordinated by 
(x x , <r m , y l ). Let us consider the jet manifolds J 1 !], J^Y, and J^F of the fibre 
bundles £ — > A, F — > E and F — > A, respectively. They are parameterized 
respectively by the coordinates 

/A 'm rn\ /_A _m i — i i \ /_A _m z _m ? \ 

(x ,a ,a x ), (x ,a ,y ,y x ,y m ), (x ,a ,y,a x ,y x ). 
There is the canonical map 

q : J 1 !] x 4y J 1 ^ o g = y^a™ + y\. (7.68) 
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Using the canonical map (|7.68[) . we can consider the relations between connec- 
tions on fibre bundles y -» X. y -» £ and £ -> X [581178]. 

Connections on fibre bundles Y —> X, Y — > £ and £ — ► X read 



7 = <fc A ®(0A + 7Aan+7Aft)> 

a s = dx x <g> (a A + 4$) + da m <g> (a m + 4ft), 
r = dx A ® (a A + r A n a m ). 

The canonical map g (|7.68)1 enables us to obtain a connection 7 on Y 
accordance with the diagram 



(7.69) 
(7.70) 

> X in 



(r,A) 



j x £ x j^y 



£ x y 



This connection, called the composite connection, reads 

7 = dx x ® p A + r™a m + (4 + 4rD^: 



(7.71) 



It is a unique connection such that the horizontal lift 7T on Y of a vector field 
r on X by means of the connection 7 (|7.7ip coincides with the composition 
As(Tt) of horizontal lifts of r onto £ by means of the connection T and then 
onto Y by means of the connection Ay,. For the sake of brevity, let us write 

7 = As o r. 

Given the composite bundle Y (17. 7p . there are the exact sequences 







VyX -> yy ^ y x y£ ^ 0, 

s 

o^yxu*£^y*y 

s 



0. 



where V^Y denotes the vertical tangent bundle of a fibre bundle Y 
dinated by (x x ,a m ,y l ,y l ). Let us consider the splitting 

B : VY 3 v = fdi + & m d m -> v\ B = 

(w* - <r m i4)ft g y E y, 

B = (dy l - B l m da m ) <g> ft G U*y ® U E y, 

of the exact sequence (|7.72[) . Then the connection 7 f|T.69[) on y 
splitting £> (|7.74[) define a connection 

a e - dx A ® (d x + (7I - s; l7A ")ft) + 

da m ®{d m + Bl n d l ) 1 



(7.72) 
(7.73) 

£ coor- 
(7.74) 



X and the 



(7.75) 



on the fibre bundle Y — > £. 
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Conversely, every connection Ay: (|7.70[) on a fibre bundle Y — > E provides 
the splittings 

VY = VeY®A s (YxVE), (7.76) 

Y E 

+ * m 0m = (y l - A^& m )di + & m (d m + A^di), 

V*Y = (YxV m H)®A s (VSY), (7.77) 
s y 

y l dy i + & m d<r m = fe^y* - A\~da m ) + (& m + A l m y i )da r, \ 

of the exact sequences (|7.72[) - (|7.73p . Using the splitting (|7.76|) . one can con- 
struct the first order differential operator 

D : J l Y T*X ® VeY, D = dx x ® {y\ - A\ - A % m a^)d u (7.78) 

called the vertical covariant differential, on the composite fibre bundle Y — > X. 

The vertical covariant differential (|7.78[) possesses the following important 
property. Let h be a section of a fibre bundle S — > X, and let Yh — > X be 
the restriction of a fibre bundle Y —> £ to h(X) C S. This is a subbundle 
ih '■ Yh — ► Y °f a fibre bundle Y" -> X. Every connection A^ (|7.70|) induces the 
pull-back connection (17.601) : 

A h = i* h A^ = dx x <g> [d x + ((A l m o h)8xh m + (A o h)\)di] (7.79) 

on Yh X, Then the restriction of the vertical covariant differential D (|7.T8[) to 
J 1 ih(J 1 Y/ l ) C J X Y coincides with the familiar covariant differential D Ah (|7.6ip 
on Yh relative to the pull-back connection Ah (|7.79l) . 

7.8 Differential operators and connections on modules 

This Section addresses the notion of a linear differential operator on a module 
over an arbitrary commutative ring [531 15H1 LT3 Hi] . 

Let K, be a commutative ring and A a commutative /C-ring. Let P and 
Q be ^-modules. The /C-module Hom^(P, Q) of /C-module homomorphisms 
$ : P — > Q can be endowed with the two different ^-module structures 

(a$)(p) = a$(p), ($«a)(p) = $(ap), aei, p € P. (7.80) 

For the sake of convenience, we refer to the second one as an *A*-module struc- 
ture. Let us put 

S a $ = a$ - $ • a, aeA 

Definition 7.10: An element A <E Hom/c(P, Q) is called a Q- valued differential 
operator of order s on P if 

S ao O ■ ■ ■ O 5 a . 3 A = 
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for any tuple of s + 1 elements do, . . . , a s of A. The set Diff S (P, Q) of these 
operators inherits the A- and ^I'-module structures (|7.80l) . □ 

For instance, zero order differential operators obey the condition 

S a A( P ) = aA(p) - A(ap) = 0, a € A, p e P, 

and, consequently, they coincide with .A-module morphisms P — > Q. A first 
order differential operator A satisfies the condition 

5 b o 5 a A(p) = baA(p) - bA(ap) - aA(bp) + A(abp) = 0, a, b e A. 



Definition 7.11: A connection on an ^4-module P is an ,4-modulc morphism 

M9ti^ V„G Diff i(P,P) (7.81) 
such that the first order differential operators V u obey the Leibniz rule 
V„(ap) = u(a)p + aV u (p), a <E A, p e P. 

□ 

Though V u (|7.81|) is called a connection, it in fact is a covariant differential 
on a module P. 

For instance, let Y — > X be a smooth vector bundle. Its global sections form 
a C°°(X)-module Y(X). The well-known Serre - Swan theorem [40] states the 
categorial equivalence between the vector bundles over a smooth manifold X and 
projective modules of finite rank over the ring C°°(X) of smooth real functions 
on A. A corollary of this equivalence is that the derivation module of the real 
ring C°°(A) coincides with the C°°(A)-module T(A) of vector fields on X. If 
P is a C°°(A)-module, one can reformulate Definition 1 7 . 1 1 1 of a connection on 
P as follows. 

Definition 7.12: A connection on a C°°(X)-module P is a C°°(A)-module 
morphism 

V : P -> <D 1 (X)®P, 
which satisfies the Leibniz rule 

V(/J>) = 4f®p + /V(p), feC°°{X), P eP 

It associates to any vector field r G T(A) on A a first order differential operator 
V r on P which obeys the Leibniz rule 

V T {fp) = {T\df)p + fV T p. 

□ 

In particular, let Y — > X be a vector bundle and F(A) its structure module. 
The notion of a connection on the structure module Y(X) is equivalent to the 
standard geometric notion of a connection on a vector bundle Y — > X 58 . 
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